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Íàïîìèíàíèå: ìîäåëè êëàññèôèêàöèè è ðåãðåññèè

Äàíî: âûáîðêà X ℓ = (xi , yi )
ℓ
i=1, îáúåêòû xi ∈ Rn, îòâåòû yi

Çàäà÷à ðåãðåññèè: yi ∈ R
Íàéòè: ìîäåëü ðåãðåññèè a(x ,w), âåêòîð ïàðàìåòðîâ w

Êðèòåðèé: Q(w ;X ℓ) =
ℓ∑

i=1
L
(
a(xi ,w)− yi︸ ︷︷ ︸

εi (w) � error, îøèáêà

)
→ min

w
,

ãäå L óíèìîäàëüíàÿ: L(ε) = ε2, |ε|,
(
|ε| − c

)
+, è äð.

Çàäà÷à êëàññèôèêàöèè ñ äâóìÿ êëàññàìè: yi ∈ {±1}
Íàéòè: ìîäåëü êëàññèôèêàöèè a(x ,w) = sign g(x ,w)

Êðèòåðèé: Q(w ;X ℓ) =
ℓ∑

i=1
L
(
g(xi ,w)yi︸ ︷︷ ︸

Mi (w) � margin, îòñòóï

)
→ min

w
,

ãäå L íåâîçðàñòàþùàÿ: L(M) = ln(1+ e−M), (1−M)+, è äð.
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Èñêóññòâåííûé íåéðîí � ëèíåéíàÿ ìîäåëü êëàññèôèêàöèè

Ëèíåéíàÿ ìîäåëü íåéðîíà (1943):

a(x ,w) = σ

(
n∑

j=1
wj fj(x)− w0

)
fj(x) � ïðèçíàêè îáúåêòà x
wj � âåñà ïðèçíàêîâ
w0 � ïîðîã àêòèâàöèè
σ(z) � ôóíêöèÿ àêòèâàöèè

f1(x)

f2(x)

· · ·
fn(x)

∑
σ a(x)

w1 ((
w2 --
...
wn

66
//

−1

w0

PP

Óîððåí Âàëüòåð
ÌàêÊàëëîê Ïèòòñ
(1898�1969) (1923�1969)
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Íåéðîííàÿ ðåàëèçàöèÿ áóëåâûõ ôóíêöèé

Ôóíêöèè È, ÈËÈ, ÍÅ áèíàðíûõ ïðèçíàêîâ x1, x2:

x1

x2

−1

∑ [
x1+x2− 3

2
> 0

]
= (x1∧x2)

1 ))
1 //
3

2

55 //

x1

x2

−1

∑ [
x1+x2− 1

2
> 0

]
= (x1∨x2)

1 ))
1 //
1

2

55 //

x1

−1

∑ [
(1−x1)− 1

2
> 0

]
= ¬x1−1 ,,

− 1

2

22 //

0 1

0

1 

�

0 1

0

1 

���

0 1

0

��

Äèçúþíêòèâíàÿ íîðìàëüíàÿ ôîðìà ⇐⇒ äâóõñëîéíàÿ íåéðîñåòü
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Îãðàíè÷åííîñòü ëèíåéíûõ ìîäåëåé: ôóíêöèÿ XOR

Ôóíêöèÿ x1 ⊕ x2 = [x1 ̸= x2] íå ðåàëèçóåìà îäíèì íåéðîíîì.
Äâà ñïîñîáà ðåàëèçàöèè:

Äîáàâëåíèåì íåëèíåéíîãî ïðèçíàêà (feature generation):
x1 ⊕ x2 =

[
x1 + x2 − 2x1x2 − 1

2 > 0
]
;

Ñåòüþ (äâóõñëîéíîé ñóïåðïîçèöèåé) ôóíêöèé È, ÈËÈ, ÍÅ:
x1 ⊕ x2 =

[
(x1 ∨ x2)− (x1 ∧ x2)− 1

2 > 0
]
.

x1

x2

−1

∑
∑

∑

−1

(x1 ⊕ x2)

1
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1

661
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1-й способ
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Ïåðñåïòðîí Ðîçåíáëàòòà (1957)

Mark-1 � ïåðâûé íåéðîêîìïüþòåð (1960)
Îáó÷åíèå � ìåòîä êîððåêöèè îøèáêè
Àðõèòåêòóðà � äâóõñëîéíàÿ ñåòü

Ôðýíê Ðîçåíáëàòò
(1928�1971)

Ðîçåíáëàòò Ô. Ïðèíöèïû íåéðîäèíàìèêè. Ïåðöåïòðîíû è òåîðèÿ ìåõàíèçìîâ
ìîçãà. 1965 (1962)
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Îñíîâíûå âåõè ðàçâèòèÿ íåéðîííûõ ñåòåé (AI winters)

Ìèíñêèé Ì., Ïàéïåðò Ñ. Ïåðñåïòðîíû. 1971 (1969)
Ãàëóøêèí À.È. Ñèíòåç ìíîãîñëîéíûõ ñèñòåì ðàñïîçíàâàíèÿ îáðàçîâ. 1974
Èâ�àõíåíêî À. Ã., Ëàïà Â. Ã. Êèáåðíåòè÷åñêèå ïðåäñêàçûâàþùèå óñòðîéñòâà. 1965
Rummelhart D. et al. Learning internal representations by error propagation. 1986
Krizhevsky A. et al. ImageNet classi�cation with deep convolutional neural networks. 2012
Vaswani A. et al. Attention is all you need. 2017
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Ëþáóþ ëè ôóíêöèþ ìîæíî ïðåäñòàâèòü íåéðîñåòüþ?

Ðåøåíèå òðèíàäöàòîé (èç 23) ïðîáëåì Ãèëüáåðòà (1900):

Òåîðåìà [Êîëìîãîðîâ, 1956; Àðíîëüä, 1957]

Ëþáàÿ íåïðåðûâíàÿ ôóíêöèÿ n àðãóìåíòîâ íà åäèíè÷íîì êóáå
[0, 1]n ïðåäñòàâèìà â âèäå ñóïåðïîçèöèè íåïðåðûâíûõ ôóíêöèé
îäíîãî àðãóìåíòà è îïåðàöèè ñëîæåíèÿ:

f (x1, . . . , xn) =
2n+1∑
k=1

Φk

( n∑
j=1

φjk(xj)

)
,

ãäå Φk , φjk � íåïðåðûâíûå ôóíêöèè, è φjk íå çàâèñÿò îò f .

Èìååò ëè òåîðåìà Êîëìîãîðîâà îòíîøåíèå ê íåéðîñåòÿì?

À.Í.Êîëìîãîðîâ. Î ïðåäñòàâëåíèè íåïðåðûâíûõ ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ
ñóïåðïîçèöèÿìè íåïðåðûâíûõ ôóíêöèé ìåíüøåãî ÷èñëà ïåðåìåííûõ. 1956.

Â.È.Àðíîëüä. Î ôóíêöèè òðåõ ïåðåìåííûõ. 1957.
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Èìååò ëè òåîðåìà Êîëìîãîðîâà îòíîøåíèå ê íåéðîñåòÿì?

Âðîäå äà:

ñòðóêòóðà ñóïåðïîçèöèè ñîîòâåòñòâóåò äâóõñëîéíîé ñåòè

èìåþòñÿ óíèâåðñàëüíûå àïïðîêñèìàöèîííûå ñâîéñòâà

Íà ñàìîì äåëå � íåò:

ýòî òî÷íîå ïðåäñòàâëåíèå; íàì äîñòàòî÷íî àïïðîêñèìàöèè

ôóíêöèè Φk , φjk íå ãëàäêèå è ñëîæíî ñòðîÿòñÿ

íåò íè âåñîâ W , íè îïòèìèçàöèîííîé çàäà÷è îáó÷åíèÿ

÷èñëî ñëî¼â 2 è ÷èñëî íåéðîíîâ [2n + 1, n] ôèêñèðîâàíû

Íî ìîæíî îáîáùèòü êîíñòðóêöèþ ýâðèñòè÷åñêè (KAN):

ëþáîå ÷èñëî ñëî¼â, ëþáàÿ øèðèíà ñëî¼â

âìåñòî ôóíêöèé Φk , φjk � îäíîìåðíûå ñïëàéíû (ñ âåñàìè)

èñïîëüçîâàòü ñòàíäàðòíûå ìåòîäû îáó÷åíèÿ (BackProp)

Ziming Liu et al. KAN: Kolmogorov�Arnold Networks. 2024/04/30
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Äâóõñëîéíûå ñåòè � óíèâåðñàëüíûå àïïðîêñèìàòîðû ôóíêöèé

Ôóíêöèÿ σ(z) � ñèãìîèäà, åñëè lim
z→−∞

σ(z) = 0 è lim
z→+∞

σ(z) = 1.

Òåîðåìà Öûáåíêî (universal approximation theorem, 1989)

Åñëè σ(z) � íåïðåðûâíàÿ ñèãìîèäà, òî äëÿ ëþáîé íåïðåðûâíîé
íà [0, 1]n ôóíêöèè f (x) ñóùåñòâóþò òàêèå çíà÷åíèÿ ïàðàìåòðîâ
H, αh ∈ R, wh ∈ Rn, w0 ∈ R, ÷òî äâóõñëîéíàÿ ñåòü

a(x) =
H∑

h=1

αhσ
(
⟨x ,wh⟩ − w0

)
ðàâíîìåðíî ïðèáëèæàåò f (x) ñ ëþáîé òî÷íîñòüþ ε:∣∣a(x)− f (x)

∣∣ < ε, äëÿ âñåõ x ∈ [0, 1]n.

George Cybenko. Approximation by Superpositions of a Sigmoidal function.
Mathematics of Control, Signals, and Systems. 1989.
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Îáîáùåíèå: ïîëíîñâÿçíàÿ íåéðîííàÿ ñåòü ñ L ñëîÿìè

Àðõèòåêòóðà ñåòè: Hl � ÷èñëî íåéðîíîâ â l -ì ñëîå, l = 1, . . . , L

x0 = x =
(
fj(x)

)
n
j=0 � âåêòîð ïðèçíàêîâ íà âõîäå ñåòè, H0 = n

x l =
(
x l

h

)Hl

h=0 � âåêòîð ïðèçíàêîâ íà âûõîäå l -ãî ñëîÿ, x l
0 = −1

xL = a(x) =
(
am(x)

)
M
m=1 � âûõîäíîé âåêòîð ñåòè, HL = M

W l = (w l

kh) � ìàòðèöà âåñîâ l -ãî ñëîÿ, ðàçìåðà (Hl−1 + 1)×Hl

Ìíîãî (M) âûõîäîâ íóæíî äëÿ ìíîãîêëàññîâîé êëàññèôèêàöèè
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Çîîïàðê àðõèòåêòóð íåéðîííûõ ñåòåé

Àðõèòåêòóðà ñåòè � ñòðóêòóðà ñëî¼â è ñâÿçåé ìåæäó íèìè,
ïîçâîëÿþùàÿ íàäåëÿòü ñåòü íóæíûìè ñâîéñòâàìè

Âñå àðõèòåêòóðû îáó÷àþòñÿ ìåòîäîì BackProp (íó, ïî÷òè),
â íåïîëíîñâÿçíîé ñåòè îòñóòñòâóþùèå ñâÿçè èãíîðèðóþòñÿ
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Ìåòîä îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáîê

Ýâðèñòèêè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Àëãîðèòì BackProp
BackProp: ïðåèìóùåñòâà, íåäîñòàòêè, ýâðèñòèêè

Íàïîìèíàíèå: àëãîðèòì SG (Stochastic Gradient)

Ìèíèìèçàöèÿ ñðåäíèõ ïîòåðü íà îáó÷àþùåé âûáîðêå:

Q(w) =
1

ℓ

ℓ∑
i=1

L (w , xi ) → min
w

.

Âõîä: âûáîðêà (xi , yi )
ℓ
i=1; òåìï îáó÷åíèÿ η; ïàðàìåòð λ;

Âûõîä: âåêòîð âåñîâ âñåõ ñëî¼â w = (W 1, . . . ,W L);

èíèöèàëèçèðîâàòü âåñà w è òåêóùóþ îöåíêó Q(w);
ïîâòîðÿòü

âûáðàòü îáúåêò xi èç X ℓ (íàïðèìåð, ñëó÷àéíî);
âû÷èñëèòü ïîòåðþ Li := L (w , xi );
ãðàäèåíòíûé øàã: w := w − η∇L (w , xi );
îöåíèòü çíà÷åíèå ôóíêöèîíàëà: Q := (1− λ)Q + λLi ;

ïîêà çíà÷åíèå Q è/èëè âåñà w íå ñòàáèëèçèðóþòñÿ;

H.Robbins, S.Monro. A stochastic approximation method // Annals of Math. Stat., 1951.
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Ýâðèñòèêè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Àëãîðèòì BackProp
BackProp: ïðåèìóùåñòâà, íåäîñòàòêè, ýâðèñòèêè

Çàäà÷à äèôôåðåíöèðîâàíèÿ ñóïåðïîçèöèè ôóíêöèé

Âû÷èñëåíèå ñåòè ïî âõîäíîìó âåêòîðó x , ðåêóððåíòíî ïî ñëîÿì:
x l = σl

(
W lx l−1

)
� â ìàòðè÷íîé çàïèñè, è ïîêîîðäèíàòíî:

x l

h = σl

h

(
S l

h

)
, S l

h =

Hl−1∑
k=0

w l

khx
l−1
k , h = 1, . . . ,Hl , l = 1, . . . , L,

Ôóíêöèÿ ïîòåðü íà îáúåêòå xi (íàïðèìåð, êâàäðàòè÷íàÿ):

L (w , xi ) ≡ Li (w) =
1

2

M∑
m=1

(
am(xi ,w)− yim

)2
Ïî ôîðìóëå äèôôåðåíöèðîâàíèÿ ñóïåðïîçèöèè ôóíêöèé:

∂Li (w)

∂w l

kh

=
∂Li (w)

∂x l

h

∂x l

h

∂w l

kh

, k = 0, . . . ,Hl−1, h = 1, . . . ,Hl

Åñëè ñåòü íå ïîëíîñâÿçíàÿ, òî w l

kh = 0, ∂
∂w l

kh

= 0 äëÿ ÷àñòè k, h

Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÌÌÌÎ: Èñêóññòâåííûå íåéðîííûå ñåòè 15 / 33



Ìíîãîñëîéíûå íåéðîííûå ñåòè
Ìåòîä îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáîê

Ýâðèñòèêè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Àëãîðèòì BackProp
BackProp: ïðåèìóùåñòâà, íåäîñòàòêè, ýâðèñòèêè

Ðåêóððåíòíîå âû÷èñëåíèå ÷àñòíûõ ïðîèçâîäíûõ

Íàéä¼ì ñíà÷àëà ÷àñòíûå ïðîèçâîäíûå Li (w) ïî xLm ≡ am(xi ,w):

∂Li (w)

∂xLm
= am(xi ,w)− yim ≡ εLim;

äëÿ êâàäðàòè÷íîé ôóíêöèè ïîòåðü ýòî îøèáêà âûõîäíîãî ñëîÿ.

×àñòíûå ïðîèçâîäíûå ïî x l

h áóäåì âû÷èñëÿòü ðåêóððåíòíî,
ïî óðîâíÿì ñïðàâà íàëåâî, l = L, . . . , 2:

∂Li (w)

∂x l−1
k

=

Hl∑
h=0

∂Li (w)

∂x l

h

(σl

h)
′(S l

ih)︸ ︷︷ ︸
z l

ih

w l

kh =

Hl∑
h=0

εl

ihz
l

ihw
l

kh = εl−1
ik

� ôîðìàëüíî íàçîâ¼ì ýòî îøèáêîé ñêðûòîãî ñëîÿ.

Çàìå÷àíèå: σl

h è (σl

h)
′ âû÷èñëÿþòñÿ â òî÷êå S l

ih =
Hl−1∑
k=0

w l

khx
l−1
ik

Èçìåíåíèÿ ìèíèìàëüíû, åñëè âçÿòü äðóãóþ ôóíêöèþ ïîòåðü
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Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Àëãîðèòì BackProp
BackProp: ïðåèìóùåñòâà, íåäîñòàòêè, ýâðèñòèêè

Áûñòðîå âû÷èñëåíèå ãðàäèåíòà

Ðåêóððåíòíàÿ ôîðìóëà çàïèñàíà òàê, áóäòî ñåòü çàïóñêàåòñÿ
¾çàäîì íàïåð¼ä¿, ÷òîáû âû÷èñëÿòü εl−1

ik ïî εl

ih:

εl−1
ik

∑ εl

i0z
l

i0

εl

ihz
l

ih

εl

iHl
z l

iHl

. . .

. . .

oo
ww

wk0

oo wkhgg
wkHl

Òåïåðü, èìåÿ ÷àñòíûå ïðîèçâîäíûå Li (w) ïî âñåì x l

h,
ëåãêî íàéòè ãðàäèåíò Li (w) ïî âåêòîðó âåñîâ w :

∂Li (w)

∂w l

kh

=
∂Li (w)

∂x l

h

∂x l

h

∂w l

kh

= εl

ihz
l

ihx
l−1
ik
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Ýâðèñòèêè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Àëãîðèòì BackProp
BackProp: ïðåèìóùåñòâà, íåäîñòàòêè, ýâðèñòèêè

Àëãîðèòì îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáêè BackProp

Âõîä: âûáîðêà (xi , yi )
ℓ
i=1, àðõèòåêòóðà (Hl )

L
l=1, ïàðàìåòðû η, λ;

Âûõîä: âåêòîð âåñîâ âñåõ ñëî¼â w = (W 1, . . . ,W L);
èíèöèàëèçèðîâàòü âåñà w ;
ïîâòîðÿòü

âûáðàòü îáúåêò xi èç X ℓ (íàïðèìåð, ñëó÷àéíî);
ïðÿìîé õîä: äëÿ âñåõ l = 1..L, h = 1..Hl

S l

ih :=
∑Hl−1

k=0 w l

khx
l−1
ik ; x l

ih := σl

h

(
S l

ih

)
; z l

ih := (σl

h)
′(S l

ih

)
;

âû÷èñëåíèå îøèáîê: εLhi :=
∂Li (w)

∂xLh
, äëÿ âñåõ h = 1..HL;

îáðàòíûé õîä: äëÿ âñåõ l = L..2, k = 0..Hl−1

εl−1
ik =

∑Hl

h=0 ε
l

ihz
l

ihw
l

kh;

ãðàäèåíòíûé øàã: äëÿ âñåõ l = 1..L, k = 0..Hl−1, h = 1..Hl

w l

kh := w l

kh − η εl

ihz
l

ihx
l−1
ik ;

ïîêà çíà÷åíèÿ Q è/èëè âåñà w íå ñòàáèëèçèðóþòñÿ;
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Ýâðèñòèêè

Ìåòîä ñòîõàñòè÷åñêîãî ãðàäèåíòà
Àëãîðèòì BackProp
BackProp: ïðåèìóùåñòâà, íåäîñòàòêè, ýâðèñòèêè

Àëãîðèòì BackProp: ïðåèìóùåñòâà è íåäîñòàòêè

Ïðåèìóùåñòâà:

âðåìÿ âû÷èñëåíèÿ ãðàäèåíòà O(dimw) âìåñòî O(dim2w)

îáîáùåíèå íà ëþáûå àðõèòåêòóðû è ëþáûå σ, L

âîçìîæíîñòü äèíàìè÷åñêîãî (ïîòîêîâîãî) îáó÷åíèÿ

ñóáëèíåéíîå îáó÷åíèå íà ñâåðõáîëüøèõ äàííûõ

âîçìîæíîñòü ðàñïàðàëëåëèâàíèÿ

Íåäîñòàòêè � âñå òå æå, ñâîéñòâåííûå SG:

ìåäëåííàÿ ñõîäèìîñòü

çàñòðåâàíèå â ëîêàëüíûõ ýêñòðåìóìàõ

çàòóõàíèå ãðàäèåíòîâ èç-çà ãîðèçîíòàëüíûõ àñèìïòîò σ

âçðûâû ãðàäèåíòà èç-çà îâðàæíîãî ëàíäøàôòà êðèòåðèÿ

ìóëüòèêîëëèíåàðíîñòü ëèíåéíûõ íåéðîíîâ ⇒ ïåðåîáó÷åíèå

ïîäáîð êîìïëåêñà ýâðèñòèê ÿâëÿåòñÿ èñêóññòâîì
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Ìåòîä îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáîê

Ýâðèñòèêè

Ýâðèñòèêè äëÿ óëó÷øåíèÿ ñõîäèìîñòè
Ìåòîäû ðåãóëÿðèçàöèè
Ôóíêöèè àêòèâàöèè è äðóãèå ýâðèñòèêè

Íàïîìèíàíèå: ìåòîä íàêîïëåíèÿ èíåðöèè (momentum)

Momentum � ýêñïîíåíöèàëüíîå ñêîëüçÿùåå
ñðåäíåå ãðàäèåíòà ïî ≈ 1

1−γ ïîñëåäíèì
èòåðàöèÿì [Á.Ò.Ïîëÿê, 1964]:

v := γv + (1−γ)∇L (w , xi )

w := w − ηv

NAG (Nesterov's accelerated gradient) �
óñêîðåííûé ñòîõàñòè÷åñêèé ãðàäèåíò
ñ èíåðöèåé [Þ.Å.Íåñòåðîâ, 1983]:

v := γv + (1−γ)∇L (w − ηγv , xi )

w := w − ηv
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Ìåòîä îáðàòíîãî ðàñïðîñòðàíåíèÿ îøèáîê

Ýâðèñòèêè

Ýâðèñòèêè äëÿ óëó÷øåíèÿ ñõîäèìîñòè
Ìåòîäû ðåãóëÿðèçàöèè
Ôóíêöèè àêòèâàöèè è äðóãèå ýâðèñòèêè

Àäàïòèâíûå ãðàäèåíòû

RMSProp (running mean square) � âûðàâíèâàíèå ñêîðîñòåé
èçìåíåíèÿ âåñîâ ñêîëüçÿùèì ñðåäíèì ïî ≈ 1

1−α èòåðàöèÿì,
óñêîðÿåò îáó÷åíèå ïî âåñàì, êîòîðûå ïîêà ìàëî èçìåíÿëèñü:

G := αG + (1− α)∇L (w , xi )⊙∇L (w , xi )

w := w − η∇L (w , xi )⊘
(√

G + ε
)

ãäå ⊙ è ⊘ � ïîêîîðäèíàòíîå óìíîæåíèå è äåëåíèå âåêòîðîâ.

AdaDelta (adaptive learning rate) � äâîéíàÿ íîðìèðîâêà
ïðèðàùåíèé âåñîâ, ïîñëå êîòîðîé ìîæíî áðàòü η = 1:

G := αG + (1− α)∇L (w , xi )⊙∇L (w , xi )

δ := ∇L (w , xi )⊙
√
∆+ε√
G+ε

∆ := α∆+ (1− α) δ ⊙ δ

w := w − ηδ
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Ýâðèñòèêè

Ýâðèñòèêè äëÿ óëó÷øåíèÿ ñõîäèìîñòè
Ìåòîäû ðåãóëÿðèçàöèè
Ôóíêöèè àêòèâàöèè è äðóãèå ýâðèñòèêè

Êîìáèíèðîâàííûå ãðàäèåíòíûå ìåòîäû

Adam (adaptive momentum) = èíåðöèÿ + RMSProp:

v := γv + (1− γ)∇L (w , xi ) v̂ := v(1− γk)−1

G := αG + (1− α)∇L (w , xi )⊙∇L (w , xi ) Ĝ := G (1− αk)−1

w := w − ηv̂ ⊘
(√

Ĝ + ε
)

Êàëèáðîâêà v̂ , Ĝ óâåëè÷èâàåò v , G íà ïåðâûõ èòåðàöèÿõ,
ãäå k � íîìåð èòåðàöèè; γ = 0.9, α = 0.999, ε = 10−8

Nadam (Nesterov-accelerated adaptive momentum):
òå æå ôîðìóëû äëÿ v , v̂ , G , Ĝ ,

w := w − η
(
γv̂ + 1−γ

1−γk ∇L (w − ηγv̂ , xi )
)
⊘
(√

Ĝ + ε
)

Timothy Dozat. Incorporating Nesterov Momentum into Adam. ICLR-2016.
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Ýâðèñòèêè

Ýâðèñòèêè äëÿ óëó÷øåíèÿ ñõîäèìîñòè
Ìåòîäû ðåãóëÿðèçàöèè
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Ñðàâíåíèå ñõîäèìîñòè ìåòîäîâ

Alec Radford's animation:
https://www.denizyuret.com/2015/03/alec-radfords-animations-for.html
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Ýâðèñòèêè äëÿ óëó÷øåíèÿ ñõîäèìîñòè
Ìåòîäû ðåãóëÿðèçàöèè
Ôóíêöèè àêòèâàöèè è äðóãèå ýâðèñòèêè

Ïðîáëåìà âçðûâà ãðàäèåíòà è ýâðèñòèêà gradient clipping

Ïðîáëåìà âçðûâà ãðàäèåíòà (gradient exploding)
Ïðè÷èíà � îâðàæíûé ëàíäøàôò îïòèìèçèðóåìîãî êðèòåðèÿ

Ýâðèñòèêà Gradient Clipping:
åñëè ∥g∥ > θ òî g := gθ/∥g∥
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Ìåòîä ñëó÷àéíûõ îòêëþ÷åíèé íåéðîíîâ (Dropout)

Ýòàï îáó÷åíèÿ: äåëàÿ ãðàäèåíòíûé øàã Li (w) → min
w
,

îòêëþ÷àåì h-ûé íåéðîí l -ãî ñëîÿ ñ âåðîÿòíîñòüþ pl :

x l

hi = ξl

h σ
l

h

(∑
k

w l

khx
l−1
ki

)
, P(ξl

h = 0) = pl

Ýòàï ïðèìåíåíèÿ: âêëþ÷àåì âñå íåéðîíû, íî ñ ïîïðàâêîé:

x l

hi = (1− pl )σ
l

h

(∑
k

w l

khx
l−1
ki

)

N.Srivastava, G.Hinton, A.Krizhevsky, I.Sutskever, R.Salakhutdinov.

Dropout: a simple way to prevent neural networks from over�tting. 2014.
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Èíòåðïðåòàöèè Dropout

1 ðåãóëÿðèçàöèÿ: èç âñåõ ñåòåé âûáèðàåì áîëåå óñòîé÷èâóþ
ê óòðàòå pN íåéðîíîâ, ìîäåëèðóÿ íàä¼æíîñòü ìîçãà

2 ñîêðàùàåì ïåðåîáó÷åíèå, çàñòàâëÿÿ ðàçíûå ÷àñòè ñåòè
ðåøàòü îäíó è òó æå èñõîäíóþ çàäà÷ó âìåñòî òîãî, ÷òîáû
ïîäñòðàèâàòü èõ ïîä êîìïåíñàöèþ îøèáîê äðóã äðóãà

3 àïïðîêñèìèðóåì ïðîñòîå ãîëîñîâàíèå ïî 2N ñåòÿì ñ îáùèì
íàáîðîì èç N âåñîâ, íî ñ ðàçëè÷íîé àðõèòåêòóðîé ñâÿçåé
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Îáðàòíûé Dropout è L2-ðåãóëÿðèçàöèÿ

Íà ïðàêòèêå ÷àùå èñïîëüçóþò íå Dropout, à Inverted Dropout.

Ýòàï îáó÷åíèÿ:

x l

hi =
1

1−pl
ξl

h σ
l

h

(∑
k

w l

khx
l−1
ki

)
, P(ξl

h = 0) = pℓ

Ýòàï ïðèìåíåíèÿ íå òðåáóåò íè ìîäèôèêàöèé, íè çíàíèÿ pℓ:

x l

hi = σl

h

(∑
k

w l

khx
l−1
ki

)
L2-ðåãóëÿðèçàöèÿ ïðåäîòâðàùàåò ðîñò ïàðàìåòðîâ íà îáó÷åíèè:

L (w , xi ) +
λ
2∥w∥2 → min

w

Ãðàäèåíòíûé øàã ñ Dropout è L2-ðåãóëÿðèçàöèåé:

w := w(1− ηλ)− η 1
1−pℓ

ξℓh ∇L (w , xi )
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Ôóíêöèè àêòèâàöèè ReLU è PReLU (LeakyReLU)

Ôóíêöèè σ(y) = 1
1+e−y è th(y) = ey−e−y

ey+e−y ìîãóò ïðèâîäèòü
ê çàòóõàíèþ ãðàäèåíòîâ èëè ¾ïàðàëè÷ó ñåòè¿

Ôóíêöèÿ ïîëîæèòåëüíîé ñðåçêè (recti�ed linear unit)

ReLU(y) = max{0, y}; PReLU(y) = max{0, y}+ αmin{0, y}
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Ïàêåòíàÿ íîðìàëèçàöèÿ äàííûõ (Batch Normalization)

B = {xi} � ïàêåòû (mini-batch) äàííûõ
B l = {x l

i } � âåêòîðû îáúåêòîâ xi íà âûõîäå l -ãî ñëîÿ

Íîðìèðîâêà êàæäîé h-é êîìïîíåíòû âåêòîðà x l

i ïî ïàêåòó:

x̂ l

hi =
x l

hi − µh√
σ2h + ε

; µh =
1

|B l |
∑
x l

i ∈B l

x l

hi ; σ2h =
1

|B l |
∑
x l

i ∈B l

(x l

hi −µh)
2

Êîìïåíñàöèÿ: x̃ l

hi = γl

hx̂
l

hi + βl

h � ëèíåéíûé ñëîé,
ïàðàìåòðû γl

h è βl

h íàñòðàèâàþòñÿ BackProp

Îáîñíîâàíèÿ (êàê ýòî ðàáîòàåò, äî êîíöà íå ÿñíî):

ãðàäèåíò ñòàíîâèòñÿ îãðàíè÷åííûì è áîëåå óñòîé÷èâûì

óñêîðÿåòñÿ ñõîäèìîñòü, ìîæíî óâåëè÷èòü ãðàäèåíòíûå øàãè

ðåãóëÿðèçàöèÿ, ïîâûøåíèå ÷èñëåííîé óñòîé÷èâîñòè

S.Io�e, C.Szegedy (Google) Batch normalization: accelerating deep network training
by reducing internal covariate shift. 2015.
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Ýâðèñòèêè äëÿ íà÷àëüíîãî ïðèáëèæåíèÿ

1. Âûðàâíèâàíèå äèñïåðñèé âûõîäîâ â ðàçíûõ ñëîÿõ:

wkh := uniform
(
− 1√

H l

, 1√
H l

)
2. Âûðàâíèâàíèå äèñïåðñèé ãðàäèåíòîâ â ðàçíûõ ñëîÿõ:

wkh := uniform

(
− 6√

Hl−1+Hl

, 6√
Hl−1+Hl

)
,

ãäå Hl−1, Hl � ÷èñëî íåéðîíîâ â ïðåäûäóùåì è òåêóùåì ñëîå

3. Ïîñëîéíîå îáó÷åíèå íåéðîíîâ êàê ëèíåéíûõ ìîäåëåé:

ëèáî ïî ñëó÷àéíîé ïîäâûáîðêå X ′ ⊆ X ℓ;

ëèáî ïî ñëó÷àéíîìó ïîäìíîæåñòâó âõîäîâ;

ëèáî èç ðàçëè÷íûõ ñëó÷àéíûõ íà÷àëüíûõ ïðèáëèæåíèé;

òåì ñàìûì îáåñïå÷èâàåòñÿ ðàçëè÷íîñòü íåéðîíîâ.

4. Èíèöèàëèçàöèÿ âåñàìè ïðåäîáó÷åííîé ìîäåëè

5. Èíèöèàëèçàöèÿ ñëó÷àéíûì îðòîãîíàëüíûì áàçèñîì
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Ïðîðåæèâàíèå ñåòè (OBD � Optimal Brain Damage)

Ïóñòü w � ëîêàëüíûé ìèíèìóì Q(w), òîãäà
Q(w) ìîæíî àïïðîêñèìèðîâàòü êâàäðàòè÷íîé ôîðìîé:

Q(w + δ) = Q(w) + 1
2δ

òQ ′′(w)δ + o(∥δ∥2),

ãäå Q ′′(w) =
( ∂2Q(w)
∂wkh∂wk′h′

)
� ãåññèàí, ðàçìåðà dim2(w).

Ýâðèñòèêà. Ïóñòü ãåññèàí Q ′′(w) äèàãîíàëåí, òîãäà

δòQ ′′(w)δ =
L∑

l=1

Hl−1∑
k=0

Hl∑
h=1

δ2kh
∂2Q(w)

∂w2
kh

Õîòèì îáíóëèòü âåñ: wkh + δkh = 0. Êàê èçìåíèòñÿ Q(w)?

Îïðåäåëåíèå. Çíà÷èìîñòü (salience) âåñà wkh � ýòî èçìåíåíèå

ôóíêöèîíàëà Q(w) ïðè åãî îáíóëåíèè: Skh = w2
kh

∂2Q(w)
∂w2

kh
.

Yann LeCun, John Denker, Sara Solla. Optimal Brain Damage. 1989
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Ïðîðåæèâàíèå ñåòè (OBD � Optimal Brain Damage)

1 Â BackProp âû÷èñëÿòü âòîðûå ïðîèçâîäíûå ∂2Q
∂w2

kh
.

2 Åñëè ïðîöåññ ìèíèìèçàöèè Q(w) ïðèø¼ë â ìèíèìóì,òî

óïîðÿäî÷èòü íà êàæäîì óðîâíå âåñà ïî óáûâàíèþ Skh;
óäàëèòü N ñâÿçåé ñ íàèìåíüøåé çíà÷èìîñòüþ;
ñíîâà çàïóñòèòü BackProp.

3 Åñëè Q(w ,X ℓ) èëè Q(w ,X k) ñóùåñòâåííî óõóäøèëñÿ,
òî âåðíóòü ïîñëåäíèå óäàë¼ííûå ñâÿçè è âûéòè.

Îòáîð ïðèçíàêîâ ñ ïîìîùüþ OBD � àíàëîãè÷íî.

Ñóììàðíàÿ çíà÷èìîñòü ïðèçíàêà: Sj =
H1∑
h=1

Sjh.

Ýìïèðè÷åñêèé îïûò: ðåçóëüòàò ïîñòåïåííîãî ïðîðåæèâàíèÿ
îáû÷íî ëó÷øå, ÷åì BackProp èçíà÷àëüíî ïðîðåæåííîé ñåòè.
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Ðåçþìå

Íåéðîí = ëèíåéíàÿ êëàññèôèêàöèÿ èëè ðåãðåññèÿ.

Íåéðîííàÿ ñåòü = ñóïåðïîçèöèÿ íåéðîíîâ ñ íåëèíåéíîé
ôóíêöèåé àêòèâàöèè. Òåîðåòè÷åñêè äâóõ-òð¼õ ñëî¼â
äîñòàòî÷íî äëÿ ðåøåíèÿ î÷åíü øèðîêîãî êëàññà çàäà÷.

Ãëóáîêèå íåéðîñåòè àâòîìàòèçèðóþò âûäåëåíèå ïðèçíàêîâ
èç ñëîæíî ñòðóêòóðèðîâàííûõ äàííûõ (feature extraction)

BackProp = áûñòðîå äèôôåðåíöèðîâàíèå ñóïåðïîçèöèé.
Ïîçâîëÿåò îáó÷àòü ñåòè ïðàêòè÷åñêè ëþáîé àðõèòåêòóðû.

Íåêîòîðûå ìåðû ïî óëó÷øåíèþ ñõîäèìîñòè è êà÷åñòâà:

àäàïòèâíûé ãðàäèåíòíûé øàã
ôóíêöèè àêòèâàöèè òèïà ReLU
ðåãóëÿðèçàöèÿ è DropOut
ïàêåòíàÿ íîðìàëèçàöèÿ (batch normalization)
èíèöèàëèçàöèÿ íåéðîíîâ êàê îòäåëüíûõ ëèíåéíûõ ìîäåëåé
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