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Ïî÷åìó ïîëåçåí îòáîð ïðèçíàêîâ (feature selection)

X ℓ = (xi , yi )
ℓ
i=1 � îáó÷àþùàÿ âûáîðêà, yi = y(xi );

fj(x), j = 1, . . . , n � ïðèçíàêè îáúåêòà x

Ïî÷åìó ïîëåçíî îòáèðàòü ïðèçíàêè:

ïðèçíàê ìîæåò áûòü íåèíôîðìàòèâíûì:

fj(x) íå ñîäåðæèò èíôîðìàöèè îá y(x)

ïðèçíàê ìîæåò áûòü çàâèñèìûì:

èíôîðìàöèÿ î fj(x) ñîäåðæèòñÿ â äðóãèõ ïðèçíàêàõ

ïðèçíàê ìîæåò áûòü íàñòîëüêî çàøóìë¼ííûì, ÷òî åãî

èñïîëüçîâàíèå ïîâûøàåò ðèñê îøèáîê è ïåðåîáó÷åíèÿ

ìèíèìèçàöèÿ ÷èñëà èñïîëüçóåìûõ ïðèçíàêîâ ìîæåò

� ïîíèæàòü ðàçìåðíîñòü ïðîñòðàíñòâà ïàðàìåòðîâ ìîäåëè,

� óìåíüøàòü ðèñê ïåðåîáó÷åíèÿ,

� ýêîíîìèòü ðåñóðñû âðåìåíè è ïàìÿòè
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Îáçîð ïîäõîäîâ ê îòáîðó ïðèçíàêîâ

ñ ó÷èòåëåì � ñ èñïîëüçîâàíèåì îòâåòîâ {yi}
áåç ó÷èòåëÿ � íàïðèìåð, ïî êîððåëÿöèÿì ïðèçíàêîâ

îá¼ðòêè � ñ èñïîëüçîâàíèåì ãîòîâûõ ìåòîäîâ îáó÷åíèÿ

ôèëüòðû � îöåíèâàíèå ïðèçíàêîâ ïî îòäåëüíîñòè

âñòðîåííûå ìåòîäû, â ëèíåéíûõ ìîäåëÿõ LASSO, ElasticNet

Jundong Li et al. Feature selection: a data perspective. 2016
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Ôèëüòðàöèÿ ïðèçíàêîâ ñ ó÷èòåëåì è áåç ó÷èòåëÿ

Îòáîð ïðèçíàêîâ ñ ó÷èòåëåì:

âû÷èñëåíèå ïîëåçíîñòè ïðèçíàêîâ: MI èëè êîððåëÿöèè (y , fj)

ðàíæèðîâàíèå ïðèçíàêîâ ïî èõ ïîëåçíîñòè

îòáîð top-k ïîëåçíûõ ïðèçíàêîâ ïî âûáðàííîìó êðèòåðèþ

ïëþñ: î÷åíü áûñòðî

ìèíóñ: íå ó÷èòûâàþòñÿ çàâèñèìîñòè ìåæäó ïðèçíàêàìè

Îòáîð ïðèçíàêîâ áåç ó÷èòåëÿ:

âû÷èñëåíèå ïàðíûõ êîððåëÿöèé ïðèçíàêîâ (fj , fs)

âûäåëåíèå êëàñòåðîâ èëè ñâÿçíûõ ïîäãðàôîâ

âûáîð ïðåäñòàâèòåëåé îò êàæäîãî êëàñòåðà

(ìåòîä êîððåëÿöèîííûõ ïëåÿä Ï.Â.Òåðåíòüåâà, 1928, 1959)

ìèíóñ: ó÷èòûâàþòñÿ òîëüêî ïàðíûå çàâèñèìîñòè
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Ñêîëüêî èíôîðìàöèè îá y ñîäåðæèòñÿ â fj

fj : X → Vj � äèñêðåòíûé ïðèçíàê, Vj � êîíå÷íîå ìíîæåñòâî

p(v) � âûáîðî÷íàÿ ÷àñòîòíàÿ îöåíêà âåðîÿòíîñòè P
(
fj(x) = v

)
Ýíòðîïèÿ, ìåðà íåîïðåäåë¼ííîñòè çíà÷åíèé y :

H(y) = −
∑
y∈Y

p(y) log p(y)

Óñëîâíàÿ ýíòðîïèÿ, íåîïðåäåë¼ííîñòü y ïðè èçâåñòíîì fj :

H(y |fj) = −
∑
v∈Vj

p(v)
∑
y∈Y

p(y |v) log p(y |v)

Âçàèìíàÿ èíôîðìàöèÿ (mutual information, information gain):

I (y , fj) = H(y)− H(y |fj) =
∑
v∈Vj

∑
y∈Y

p(y , v) log
p(y , v)

p(y)p(v)

I (y , fj) = 0 ⇔ ïåðåìåííûå y è fj íåçàâèñèìû
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Âñòðîåííûé îòáîð ïðèçíàêîâ â ëèíåéíûõ ìîäåëÿõ

Íåãëàäêèå ðåãóëÿðèçàòîðû ñ ïàðàìåòðîì ñåëåêòèâíîñòè µ:

ℓ∑
i=1

L
(
⟨xi ,w⟩, yi

)
+ τ

n∑
j=1

Rµ(wj) → min
w

.

LASSO (L1): Rµ(w) = µ|w |

Elastic Net: Rµ(w) = µ|w |+ w2

Support Features Machine (SFM):

Rµ(w) =

{
2µ|w |, |w | ⩽ µ;

µ2 + w2, |w | ⩾ µ;

Relevance Features Machine (RFM):

Rµ(w) = ln
(
µw2 + 1

)
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Çàäà÷è îöåíèâàíèÿ è âûáîðà ìîäåëåé

Äàíî:
X ℓ = (x1, . . . , xℓ) � îáó÷àþùàÿ âûáîðêà

At = {a : X ×Wt → Y } � ïàðàìåòðè÷åñêèå ìîäåëè, t ∈ T
Wt � ïðîñòðàíñòâî ïàðàìåòðîâ ìîäåëè At

µt : (X × Y )ℓ → Wt � ìåòîäû îáó÷åíèÿ, t ∈ T

Íàéòè: ìåòîä µt ñ íàèëó÷øåé îáîáùàþùåé ñïîñîáíîñòüþ.

×àñòíûå ñëó÷àè:

âûáîð ëó÷øåé ìîäåëè At (model selection);

âûáîð ìåòîäà îáó÷åíèÿ µt äëÿ çàäàííîé ìîäåëè A
(â ÷àñòíîñòè, îïòèìèçàöèÿ ãèïåðïàðàìåòðîâ);

îòáîð ïðèçíàêîâ (feature selection): ìåòîä îáó÷åíèÿ µJ

èñïîëüçóåò òîëüêî ïðèçíàêè J ⊆ F = {f1, . . . , fn}
ïåðåáîð ôîðìóë êàê ñóïåðïîçèöèé ýëåìåíòàðíûõ ôóíêöèé

(symbolic regression, genetic programming)
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Âíóòðåííèå è âíåøíèå êðèòåðèè êà÷åñòâà îáó÷åíèÿ

L (w , x) � ôóíêöèÿ ïîòåðü ìîäåëè a(w , x) íà îáúåêòå x

Q(w ,X ℓ) = 1
ℓ

ℓ∑
i=1

L (w , xi ) � ôóíêöèîíàë êà÷åñòâà a(w , x) íà X ℓ

Q
(
µ(X ℓ),X ℓ

)
� âíóòðåííèé êðèòåðèé,

óáûâàåò ñ ðîñòîì ñëîæíîñòè ìîäåëè

(÷èñëà îáó÷àåìûõ ïàðàìåòðîâ),

ñìåùåííàÿ îöåíêà EX ℓ,xL
(
µ(X ℓ), x

)
Q
(
µ(X ℓ),X k

)
� âíåøíèé êðèòåðèé,

èìååò ìèíèìóì ïî ñëîæíîñòè ìîäåëè,

íåñìåù¼ííàÿ îöåíêà EX ℓ,xL
(
µ(X ℓ), x

)
Íåäîñòàòîê îöåíêè hold-out:

îíà çàâèñèò îò ðàçáèåíèÿ X ℓ ⊔ X k
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Âíåøíèå êðèòåðèè. Êðîññ-ïðîâåðêà (cross-validation, CV)

Óñðåäíåíèå ïî ìíîæåñòâó ðàçáèåíèé X L = X ℓ
s ⊔ X k

s , s ∈ S :

CV(µ,X L) =
1

|S |
∑
s∈S

Q
(
µ(X ℓ

s ),X
k
s

)
|S | = 1 � åäèíñòâåííîå (ñëó÷àéíîå) ðàçáèåíèå: hold-out

S � ìíîæåñòâî ñëó÷àéíûõ ðàçáèåíèé: ìåòîä Ìîíòå-Êàðëî

S =
{
(X L\{xi}) ⊔ {xi}

}
i=1..L, êàæäûé îáúåêò ñòàíîâèòñÿ

êîíòðîëåì îäèí ðàç, ñêîëüçÿùèé êîíòðîëü (leave one out)

S =
{
(X L\Bs) ⊔ Bs

}
s=1..q, ãäå B1 ⊔ · · · ⊔ Bq = X L

� ðàçáèåíèå íà q áëîêîâ ðàâíîé±1 äëèíû (q-fold CV),

êàæäûé îáúåêò ó÷àñòâóåò â êîíòðîëå îäèí ðàç

S =
{
(X L\B r

s ) ⊔ B r
s

}
r=1..t
s=1..q, ãäå B r

1 ⊔ · · · ⊔ B r
q = X L

� t ðàçáèåíèé íà q áëîêîâ ðàâíîé±1 äëèíû (t×q-fold CV),

êàæäûé îáúåêò ó÷àñòâóåò â êîíòðîëå ðîâíî t ðàç
S � âñå C k

ℓ+k ðàçáèåíèé: complete cross-validation, CCV
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Âíåøíèå êðèòåðèè. Íåïðîòèâîðå÷èâîñòü ìîäåëåé

Èäåÿ: Åñëè ìîäåëü âåðíà, òî àëãîðèòìû, íàñòðîåííûå ïî

ðàçíûì ÷àñòÿì äàííûõ, íå äîëæíû ïðîòèâîðå÷èòü äðóã äðóãó.

1. Ïî îäíîìó ñëó÷àéíîìó ðàçáèåíèþ X ℓ ⊔ X k = X L, ℓ = k :

Q1(µ,X
L) =

1

L

L∑
i=1

∣∣µ(X ℓ)(xi )− µ(X k)(xi )
∣∣.

2. Àíàëîã CVt×2: ïî t ðàçáèåíèÿì X L = X ℓ
s ⊔ X k

s , s = 1, . . . , t:

Qt(µ,X
L) =

1

t

t∑
s=1

1

L

L∑
i=1

∣∣µ(X ℓ
s )(xi )− µ(X k

s )(xi )
∣∣.

Ïðåèìóùåñòâî: ïîäõîäèò òàêæå äëÿ îáó÷åíèÿ áåç ó÷èòåëÿ.

Íåäîñòàòêè:
� îáú¼ì îáó÷åíèÿ ñîêðàùàåòñÿ â 2 ðàçà;

� òðóäî¼ìêîñòü âîçðàñòàåò â 2t ðàç.
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Âíåøíèå êðèòåðèè. Ðåãóëÿðèçàöèÿ

Ðåãóëÿðèçàòîð � àääèòèâíàÿ äîáàâêà ê âíóòðåííåìó êðèòåðèþ,

îáû÷íî øòðàô çà ñëîæíîñòü (complexity penalty) ìîäåëè A:

Qðåã(µ,X
ℓ) = Qµ(X

ℓ) +øòðàô(A),

Ëèíåéíûå ìîäåëè: A =
{
a(x) = sign⟨w , x⟩

}
� êëàññèôèêàöèÿ,

A =
{
a(x) = ⟨w , x⟩

}
� ðåãðåññèÿ.

L2-ðåãóëÿðèçàöèÿ (ðèäæ-ðåãðåññèÿ):

øòðàô(w) = τ∥w∥22 = τ
n∑

j=1

w2
j .

L1-ðåãóëÿðèçàöèÿ (LASSO):

øòðàô(w) = τ∥w∥1 = τ
n∑

j=1

|wj |.

L0-ðåãóëÿðèçàöèÿ (AIC, BIC):

øòðàô(w) = τ∥w∥0 = τ
n∑

j=1

[
wj ̸= 0

]
.
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Çàäà÷è è ìåòîäû îòáîðà ïðèçíàêîâ
Ôèëüòðû è âñòðîåííûå ìåòîäû
Ìåòîäû-îá¼ðòêè è âíåøíèå êðèòåðèè

Ðàçíîâèäíîñòè L0-ðåãóëÿðèçàöèè

Èíôîðìàöèîííûé êðèòåðèé Àêàèêå (Akaike Information Criterion):

AIC(µ, x) = Qµ(X
ℓ) +

2σ̂2

ℓ
|J|,

ãäå σ̂2 � îöåíêà äèñïåðñèè îøèáêè D
(
yi − a(xi )

)
,

J � ïîäìíîæåñòâî èñïîëüçóåìûõ ïðèçíàêîâ.

Áàéåñîâñêèé èíôîðìàöèîííûé êðèòåðèé (Bayes Inform. Criterion):

BIC(µ,X ℓ) =
ℓ

σ̂2

(
Qµ(X

ℓ) +
σ̂2 ln ℓ

ℓ
|J|

)
.

Îöåíêà Âàïíèêà-×åðâîíåíêèñà (VC-bound):

VC(µ,X ℓ) = Qµ(X
ℓ) +

√
h

ℓ
ln
2eℓ

h
+

1

ℓ
ln

9

4η
,

h � VC-ðàçìåðíîñòü; äëÿ ëèíåéíûõ ìîäåëåé h = |J|;
η � óðîâåíü çíà÷èìîñòè; îáû÷íî η = 0.05.
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Çàäà÷è è ìåòîäû îòáîðà ïðèçíàêîâ
Ôèëüòðû è âñòðîåííûå ìåòîäû
Ìåòîäû-îá¼ðòêè è âíåøíèå êðèòåðèè

Ìíîãîêðèòåðèàëüíûé âûáîð ìîäåëè

Ìîäåëü, íåìíîãî íåîïòèìàëüíàÿ ïî îáîèì êðèòåðèÿì,

ìîæåò îêàçàòüñÿ ëó÷øå, ÷åì ìîäåëü, îïòèìàëüíàÿ ïî îäíîìó

êðèòåðèþ, íî ñèëüíî íå îïòèìàëüíàÿ ïî äðóãîìó.
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Çàäà÷à îòáîðà ïðèçíàêîâ ïî âíåøíåìó êðèòåðèþ

F =
{
fj : X → Dj : j = 1, . . . , n

}
� ìíîæåñòâî ïðèçíàêîâ;

µJ � ìåòîä îáó÷åíèÿ, èñïîëüçóþùèé òîëüêî ïðèçíàêè J ⊆ F ;

Q(J) = Q(µJ ,X
ℓ) � âûáðàííûé âíåøíèé êðèòåðèé.

Q(J) → min � çàäà÷à äèñêðåòíîé îïòèìèçàöèè.

Âíóòðåííèé êðèòåðèé è âíåøíèé êðèòåðèé:

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

n

Q

 !"#$% &% '#()*&""  !"#$% &% $'&+,'-*  .+"/(/ 0-'1&'0+"
|J|
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîëíîãî ïåðåáîðà (Full Search)

Âõîä: ìíîæåñòâî F , âíåøíèé êðèòåðèé Q, ïàðàìåòð d ;

èíèöèàëèçàöèÿ: Q∗ := Q(∅);
äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ

Jj := argmin
J : |J|=j

Q(J) � íàéòè ëó÷øèé íàáîð ñëîæíîñòè j ;

åñëè Q(Jj) < Q∗ òî j∗ := j ; Q∗ := Q(Jj);
åñëè j − j∗ ⩾ d òî âåðíóòü Jj∗ ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîëíîãî ïåðåáîðà (Full Search)

d = 3

j = 0

Âõîä: ìíîæåñòâî F , âíåøíèé êðèòåðèé Q, ïàðàìåòð d ;

èíèöèàëèçàöèÿ: Q∗ := Q(∅);
äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ

Jj := argmin
J : |J|=j

Q(J) � íàéòè ëó÷øèé íàáîð ñëîæíîñòè j ;

åñëè Q(Jj) < Q∗ òî j∗ := j ; Q∗ := Q(Jj);
åñëè j − j∗ ⩾ d òî âåðíóòü Jj∗ ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîëíîãî ïåðåáîðà (Full Search)

d = 3

j = 1

j∗ = 1

Âõîä: ìíîæåñòâî F , âíåøíèé êðèòåðèé Q, ïàðàìåòð d ;

èíèöèàëèçàöèÿ: Q∗ := Q(∅);
äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ

Jj := argmin
J : |J|=j

Q(J) � íàéòè ëó÷øèé íàáîð ñëîæíîñòè j ;

åñëè Q(Jj) < Q∗ òî j∗ := j ; Q∗ := Q(Jj);
åñëè j − j∗ ⩾ d òî âåðíóòü Jj∗ ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîëíîãî ïåðåáîðà (Full Search)

d = 3

j = 2

j∗ = 2

Âõîä: ìíîæåñòâî F , âíåøíèé êðèòåðèé Q, ïàðàìåòð d ;

èíèöèàëèçàöèÿ: Q∗ := Q(∅);
äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ

Jj := argmin
J : |J|=j

Q(J) � íàéòè ëó÷øèé íàáîð ñëîæíîñòè j ;

åñëè Q(Jj) < Q∗ òî j∗ := j ; Q∗ := Q(Jj);
åñëè j − j∗ ⩾ d òî âåðíóòü Jj∗ ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîëíîãî ïåðåáîðà (Full Search)

d = 3

j = 3

j∗ = 3

Âõîä: ìíîæåñòâî F , âíåøíèé êðèòåðèé Q, ïàðàìåòð d ;

èíèöèàëèçàöèÿ: Q∗ := Q(∅);
äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ

Jj := argmin
J : |J|=j

Q(J) � íàéòè ëó÷øèé íàáîð ñëîæíîñòè j ;

åñëè Q(Jj) < Q∗ òî j∗ := j ; Q∗ := Q(Jj);
åñëè j − j∗ ⩾ d òî âåðíóòü Jj∗ ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîëíîãî ïåðåáîðà (Full Search)

d = 3

j = 4

j∗ = 4

Âõîä: ìíîæåñòâî F , âíåøíèé êðèòåðèé Q, ïàðàìåòð d ;

èíèöèàëèçàöèÿ: Q∗ := Q(∅);
äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ

Jj := argmin
J : |J|=j

Q(J) � íàéòè ëó÷øèé íàáîð ñëîæíîñòè j ;

åñëè Q(Jj) < Q∗ òî j∗ := j ; Q∗ := Q(Jj);
åñëè j − j∗ ⩾ d òî âåðíóòü Jj∗ ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîëíîãî ïåðåáîðà (Full Search)

d = 3

j = 5

j∗ = 4

Âõîä: ìíîæåñòâî F , âíåøíèé êðèòåðèé Q, ïàðàìåòð d ;

èíèöèàëèçàöèÿ: Q∗ := Q(∅);
äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ

Jj := argmin
J : |J|=j

Q(J) � íàéòè ëó÷øèé íàáîð ñëîæíîñòè j ;

åñëè Q(Jj) < Q∗ òî j∗ := j ; Q∗ := Q(Jj);
åñëè j − j∗ ⩾ d òî âåðíóòü Jj∗ ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîëíîãî ïåðåáîðà (Full Search)

d = 3

j = 6

j∗ = 4

Âõîä: ìíîæåñòâî F , âíåøíèé êðèòåðèé Q, ïàðàìåòð d ;

èíèöèàëèçàöèÿ: Q∗ := Q(∅);
äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ

Jj := argmin
J : |J|=j

Q(J) � íàéòè ëó÷øèé íàáîð ñëîæíîñòè j ;

åñëè Q(Jj) < Q∗ òî j∗ := j ; Q∗ := Q(Jj);
åñëè j − j∗ ⩾ d òî âåðíóòü Jj∗ ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîëíîãî ïåðåáîðà (Full Search)

d = 3

j = 7

j∗ = 4

Âõîä: ìíîæåñòâî F , âíåøíèé êðèòåðèé Q, ïàðàìåòð d ;

èíèöèàëèçàöèÿ: Q∗ := Q(∅);
äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ

Jj := argmin
J : |J|=j

Q(J) � íàéòè ëó÷øèé íàáîð ñëîæíîñòè j ;

åñëè Q(Jj) < Q∗ òî j∗ := j ; Q∗ := Q(Jj);
åñëè j − j∗ ⩾ d òî âåðíóòü Jj∗ ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîëíîãî ïåðåáîðà (Full Search)

Ïðåèìóùåñòâà:
� ïðîñòîòà ðåàëèçàöèè;

� ãàðàíòèðîâàííûé ðåçóëüòàò;

� ïîëíûé ïåðåáîð ýôôåêòèâåí, êîãäà

� èíôîðìàòèâíûõ ïðèçíàêîâ íå ìíîãî, j∗ ≲ 5;

� âñåãî ïðèçíàêîâ íå ìíîãî, n ≲ 20..100.

Íåäîñòàòêè:
� â îñòàëüíûõ ñëó÷àÿõ îîîîîîî÷åíü äîëãî � O(2n);
� ÷åì áîëüøå ïåðåáèðàåòñÿ âàðèàíòîâ, òåì áîëüøå

ïåðåîáó÷åíèå (îñîáåííî, åñëè ëó÷øèå èç âàðèàíòîâ

ñóùåñòâåííî ðàçëè÷íû è îäèíàêîâî ïëîõè).

Ñïîñîáû óñòðàíåíèÿ:
� ýâðèñòè÷åñêèå ìåòîäû ñîêðàù¼ííîãî ïåðåáîðà.
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì æàäíîãî äîáàâëåíèÿ (Add)

Âõîä: ìíîæåñòâî F , êðèòåðèé Q, ïàðàìåòð d ;

èíèöèàëèçàöèÿ: J0 := ∅; Q∗ := Q(∅);
äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ:

íàéòè ïðèçíàê, íàèáîëåå âûãîäíûé äëÿ äîáàâëåíèÿ:

f ∗ := argmin
f ∈F\Jj−1

Q
(
Jj−1 ∪ {f }

)
;

äîáàâèòü ýòîò ïðèçíàê â íàáîð:

Jj := Jj−1 ∪ {f ∗};
åñëè Q(Jj) < Q∗ òî j∗ := j ; Q∗ := Q(Jj);
åñëè j − j∗ ⩾ d òî âåðíóòü Jj∗ ;

Ïðåèìóùåñòâî: ñêîðîñòü O(n2), òî÷íåå O(nj∗), âìåñòî O(2n)
Íåäîñòàòîê: ñêëîííîñòü âêëþ÷àòü â íàáîð ëèøíèå ïðèçíàêè

Ñïîñîáû óñòðàíåíèÿ: Del, Add-Del, Beam Search
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîî÷åð¼äíîãî äîáàâëåíèÿ è óäàëåíèÿ (Add-Del)

Ïðåèìóùåñòâà:
� êàê ïðàâèëî, ëó÷øå, ÷åì Add è Del ïî îòäåëüíîñòè;

� âîçìîæíû áûñòðûå èíêðåìåíòíûå àëãîðèòìû,

ïðèìåð � øàãîâàÿ ðåãðåññèÿ (step-wise regression).

Íåäîñòàòêè:
� ðàáîòàåò äîëüøå, îïòèìàëüíîñòü íå ãàðàíòèðóåò.
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Àëãîðèòì ïîî÷åð¼äíîãî äîáàâëåíèÿ è óäàëåíèÿ (Add-Del)

èíèöèàëèçàöèÿ: J0 := ∅; Q∗ := Q(∅); t := 0;
ïîâòîðÿòü

ïîêà |Jt | < n äîáàâëÿòü ïðèçíàêè (èòåðàöèè Add):
t := t + 1 � íà÷àëàñü ñëåäóþùàÿ èòåðàöèÿ;

f ∗ := argmin
f∈F\Jt−1

Q
(
Jt−1 ∪ {f }

)
; Jt := Jt−1 ∪ {f ∗};

åñëè Q(Jt) < Q∗
òî t∗ := t; Q∗ := Q(Jt);

åñëè t − t∗ ⩾ d òî ïðåðâàòü öèêë;

ïîêà |Jt | > 0 óäàëÿòü ïðèçíàêè (èòåðàöèè Del):
t := t + 1 � íà÷àëàñü ñëåäóþùàÿ èòåðàöèÿ;

f ∗ := argmin
f∈Jt−1

Q
(
Jt−1 \ {f }

)
; Jt := Jt−1 \ {f ∗};

åñëè Q(Jt) < Q∗
òî t∗ := t; Q∗ := Q(Jt);

åñëè t − t∗ ⩾ d òî ïðåðâàòü öèêë;

ïîêà çíà÷åíèÿ êðèòåðèÿ Q(Jt∗) óìåíüøàþòñÿ;
âåðíóòü Jt∗ ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Ïîèñê â ãëóáèíó (DFS, ìåòîä âåòâåé è ãðàíèö)

Ïðèìåð: äåðåâî íàáîðîâ ïðèçíàêîâ, n = 4

∅

1 2 3 4

12 13 14 23 24 34

123 124 134 234

1234

tt �� �� **

�� �� �� �� �� ��

�� �� �� ��

��

Îñíîâíûå èäåè:

íóìåðàöèÿ ïðèçíàêîâ ïî âîçðàñòàíèþ íîìåðîâ �

÷òîáû èçáåæàòü ïîâòîðîâ ïðè ïåðåáîðå ïîäìíîæåñòâ;

åñëè íàáîð J áåñïåðñïåêòèâåí,

òî áîëüøå íå ïûòàòüñÿ åãî íàðàùèâàòü.
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Ïîèñê â ãëóáèíó (DFS, ìåòîä âåòâåé è ãðàíèö)

Îáîçíà÷èì Q∗
j � çíà÷åíèå êðèòåðèÿ íà ñàìîì ëó÷øåì íàáîðå

ìîùíîñòè j èç âñåõ äî ñèõ ïîð ïðîñìîòðåííûõ.

Îöåíêà ïåðñïåêòèâíîñòè:
íàáîð J íå íàðàùèâàåòñÿ,

åñëè íàéä¼òñÿ j òàêîé, ÷òî{
Q(J) ⩾ (1+ δ)Q∗

j ;

|J| ⩾ j + d ;

d ⩾ 0 è δ ⩾ 0 � ïàðàìåòðû.

×åì ìåíüøå d è δ, òåì ñèëüíåå ñîêðàùàåòñÿ ïåðåáîð.
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Ïîèñê â ãëóáèíó (DFS, ìåòîä âåòâåé è ãðàíèö)

Âõîä: ìíîæåñòâî F , êðèòåðèé Q, ïàðàìåòðû d è δ;

ïðîöåäóðà íàðàñòèòü (J ⊆ F )
åñëè íàéä¼òñÿ j : j ⩽ |J| − d è Q(J) ⩾ (1+ δ)Q∗

j , òî

íàáîð J áåñïåðñïåêòèâíûé; âûõîä;

Q∗
|J| := min

{
Q∗

|J|,Q(J)
}
;

äëÿ âñåõ fs ∈ F òàêèõ, ÷òî s > max{t | ft ∈ J}:
íàðàñòèòü (J ∪ {fs});

èíèöèàëèçèðîâàòü ìàññèâ ëó÷øèõ çíà÷åíèé êðèòåðèÿ:

Q∗
j := Q(∅) äëÿ âñåõ j = 1, . . . , n;

óïîðÿäî÷èòü ïðèçíàêè ïî óáûâàíèþ èíôîðìàòèâíîñòè;

íàðàñòèòü (∅);
âåðíóòü J, äëÿ êîòîðîãî Q(J) = min

j=1,...,n
Q∗

j ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Ïîèñê â øèðèíó (beam search, breadth-�rst search, BFS)

(íå ïó÷êà, íå ïó÷êîì, íå ëó÷îì, è íå ¾ëó÷åâîé ïîèñê¿)

Îí æå ìíîãîðÿäíûé èòåðàöèîííûé àëãîðèòì ÌÃÓÀ

(Ìåòîä Ãðóïïîâîãî Ó÷¼òà Àðãóìåíòîâ À.Ã.Èâ�àõíåíêî)

Ïðèíöèï íåîêîí÷àòåëüíûõ ðåøåíèé Ãàáîðà: îñòàâëÿòü áîëüøå

ñâîáîäû âûáîðà äëÿ ïðèíÿòèÿ ïîñëåäóþùèõ ðåøåíèé

Óñîâåðøåíñòâóåì àëãîðèòì Add:

íà êàæäîé j-é èòåðàöèè áóäåì ñòðîèòü íå îäèí íàáîð,

à ìíîæåñòâî èç Bj íàáîðîâ, íàçûâàåìîå j-ì ðÿäîì:

Rj = {J1j , . . . , J
Bj

j }, Jbj ⊆ F , |Jbj | = j , b = 1, . . . ,Bj .

ãäå Bj ⩽ B � ïàðàìåòð øèðèíû (ïó÷êà, ðÿäà) ïîèñêà.

Èâàõíåíêî À. Ã., Çàé÷åíêî Þ.Ï., Äèìèòðîâ Â.Ä. Ïðèíÿòèå ðåøåíèé íà îñíîâå

ñàìîîðãàíèçàöèè. 1976.

Èâàõíåíêî À. Ã., Þðà÷êîâñêèé Þ.Ï. Ìîäåëèðîâàíèå ñëîæíûõ ñèñòåì

ïî ýêñïåðèìåíòàëüíûì äàííûì, 1987.
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Óñå÷¼ííûé ïîèñê â øèðèíó (Beam Search)

Âõîä: ìíîæåñòâî F , êðèòåðèé Q, ïàðàìåòðû d , B ;

ïåðâûé ðÿä ñîñòîèò èç âñåõ íàáîðîâ äëèíû 1:

R1 :=
{
{f1}, . . . , {fn}

}
; Q∗ = Q(∅);

äëÿ j = 1, . . . , n, ãäå j � ñëîæíîñòü íàáîðîâ:

îòñîðòèðîâàòü ðÿä Rj =
{
J1j , . . . , J

Bj

j

}
ïî âîçðàñòàíèþ êðèòåðèÿ: Q

(
J1j
)
⩽ . . . ⩽ Q

(
J
Bj

j

)
;

åñëè Bj > B òî
Rj :=

{
J1j , . . . , J

B
j

}
� îñòàâèòü B ëó÷øèõ íàáîðîâ ðÿäà;

åñëè Q(J1j ) < Q∗ òî j∗ := j ; Q∗ := Q(J1j );

åñëè j − j∗ ⩾ d òî âåðíóòü J1j∗ ;
ïîðîäèòü ñëåäóþùèé ðÿä:

Rj+1 :=
{
J ∪ {f }

∣∣ J ∈ Rj , f ∈ F \J
}
;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ïîëíûé ïåðåáîð
Æàäíûå è ïîëóæàäíûå àëãîðèòìû
Ïîèñê â ãëóáèíó è â øèðèíó

Óñå÷¼ííûé ïîèñê â øèðèíó: äîïîëíèòåëüíûå ýâðèñòèêè

Òðóäî¼ìêîñòü:
O(Bn2), òî÷íåå O(Bn(j∗ + d)).

Ïðîáëåìà äóáëèêàòîâ:

ïîñëå ñîðòèðîâêè Q
(
J1j
)
⩽ . . . ⩽ Q

(
J
Bj

j

)
ïðîâåðèòü

íà ñîâïàäåíèå òîëüêî ñîñåäíèå íàáîðû ñ ðàâíûìè

çíà÷åíèÿìè âíóòðåííåãî è âíåøíåãî êðèòåðèÿ.

Àäàïòèâíûé îòáîð ïðèçíàêîâ:
íà ïîñëåäíåì øàãå äîáàâëÿòü ê j-ìó ðÿäó òîëüêî
ïðèçíàêè f ñ íàèáîëüøåé èíôîðìàòèâíîñòüþ Ij(f ):

Ij(f ) =

Bj∑
b=1

[f ∈ Jbj ].
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ýâîëþöèîííûå àëãîðèòìû îòáîðà ïðèçíàêîâ
Ñëó÷àéíûé ïîèñê ñ àäàïòàöèåé
Ñèìâîëüíàÿ ðåãðåññèÿ

Ýâîëþöèîííûé àëãîðèòì ïîèñêà (èäåÿ è òåðìèíîëîãèÿ)

J ⊆ F � èíäèâèä (â ÌÃÓÀ ¾ìîäåëü¿);

Rt :=
{
J1t , . . . , J

Bt
t

}
� ïîêîëåíèå (â ÌÃÓÀ � ¾ðÿä¿);

β = (βj)
n
j=1, βj = [fj ∈ J] � õðîìîñîìà, êîäèðóþùàÿ J;

Áèíàðíàÿ îïåðàöèÿ ñêðåùèâàíèÿ (crossover) β = β′ × β′′:

âàðèàíò 1: βj = ρjβ
′
j + (1− ρj)β

′′
j , ρj ∼ uni(0, 1)

âàðèàíò 2: β = (β′
1, . . . , β

′
s , β

′′
s+1, . . . , β

′′
n ), s ∼ uni(1, . . . , n),

íàäî çàäàâàòü ¾åñòåñòâåííîå¿ ðàíæèðîâàíèå ïðèçíàêîâ

Óíàðíàÿ îïåðàöèÿ ìóòàöèè β = ∼β′:

βj = ρj(1− β′
j) + (1− ρj)β

′
j , ρj ∼ bin(pm),

ãäå pm � ïàðàìåòð âåðîÿòíîñòè ìóòàöèè.
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ýâîëþöèîííûå àëãîðèòìû îòáîðà ïðèçíàêîâ
Ñëó÷àéíûé ïîèñê ñ àäàïòàöèåé
Ñèìâîëüíàÿ ðåãðåññèÿ

Ýâîëþöèîííûé (ãåíåòè÷åñêèé) àëãîðèòì

Âõîä: ìíîæåñòâî F , êðèòåðèé Q, ïàðàìåòðû: d , pm,
B � ðàçìåð ïîïóëÿöèè, T � ÷èñëî ïîêîëåíèé;

èíèöèàëèçèðîâàòü ñëó÷àéíóþ ïîïóëÿöèþ èç B íàáîðîâ:

B1 := B ; R1 :=
{
J11 , . . . , J

B1
1

}
; Q∗ := Q(∅);

äëÿ t = 1, . . . ,T , ãäå t � íîìåð ïîêîëåíèÿ:

ðàíæèðîâàíèå èíäèâèäîâ: Q(J1t ) ⩽ . . . ⩽ Q(JBt
t );

åñëè Bt > B òî ñåëåêöèÿ: Rt :=
{
J1t , . . . , J

B
t

}
;

åñëè Q(J1t ) < Q∗ òî t∗ := t; Q∗ := Q(J1t );
åñëè t − t∗ ⩾ d òî âåðíóòü J1t∗ ;
ïîðîäèòü t+1-å ïîêîëåíèå ïóò¼ì ñêðåùèâàíèé è ìóòàöèé:

Rt+1 :=
{
∼(J ′ × J ′′)

∣∣ J ′, J ′′ ∈ Rt

}
∪ Rt ;
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ýâîëþöèîííûå àëãîðèòìû îòáîðà ïðèçíàêîâ
Ñëó÷àéíûé ïîèñê ñ àäàïòàöèåé
Ñèìâîëüíàÿ ðåãðåññèÿ

Ýâðèñòèêè äëÿ óïðàâëåíèÿ ïðîöåññîì ýâîëþöèè

Óâåëè÷èâàòü âåðîÿòíîñòè ïåðåõîäà ïðèçíàêîâ

îò áîëåå óñïåøíîãî ðîäèòåëÿ ê ïîòîìêó.

Íàêàïëèâàòü îöåíêè èíôîðìàòèâíîñòè ïðèçíàêîâ.

×åì áîëåå èíôîðìàòèâåí ïðèçíàê, òåì âûøå âåðîÿòíîñòü

åãî âêëþ÷åíèÿ â íàáîð âî âðåìÿ ìóòàöèè.

Ïðèìåíåíèå ñîâîêóïíîñòè êðèòåðèåâ êà÷åñòâà.

Ñêðåùèâàòü òîëüêî ëó÷øèå èíäèâèäû (ýëèòàðèçì).

Ïåðåíîñèòü ëó÷øèå èíäèâèäû â ñëåäóþùåå ïîêîëåíèå.

Â ñëó÷àå ñòàãíàöèè óâåëè÷èâàòü âåðîÿòíîñòü ìóòàöèé.

Ïàðàëëåëüíî âûðàùèâàåòñÿ íåñêîëüêî èçîëèðîâàííûõ

ïîïóëÿöèé (îñòðîâíàÿ ìîäåëü ýâîëþöèè).
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Çàäà÷à îòáîðà ïðèçíàêîâ
Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ

Ýâîëþöèîííûå àëãîðèòìû

Ýâîëþöèîííûå àëãîðèòìû îòáîðà ïðèçíàêîâ
Ñëó÷àéíûé ïîèñê ñ àäàïòàöèåé
Ñèìâîëüíàÿ ðåãðåññèÿ

Ïîïûòêà îáîñíîâàíèÿ. Òåîðåìà ñõåìû

Ñõåìà � âåêòîð H = (h1, . . . , hn), ãäå hj ∈ {0, 1, ∗}
o(H) � ïîðÿäîê ñõåìû, ÷èñëî íå∗ â ñõåìå

d(H) � äëèíà ñõåìû, ðàññòîÿíèå ìåæäó ïåðâûì è ïîñëåäíèì

íå∗, ÷èñëî ìåñò, â êîòîðûõ êðîññîâåð ìîæåò íàðóøèòü ñõåìó

f (H, t) � ñòåïåíü ïðèñïîñîáëåííîñòè ñõåìû, ñðåäíåå Q ïî âñåì

âåêòîðàì, ïîäõîäÿùèì ïîä ñõåìó â ïîêîëåíèè t
f̄ (t) = f (∗n, t) � ñðåäíÿÿ ïðèñïîñîáëåííîñòü ïîïóëÿöèè

pc � âåðîÿòíîñòü êðîññîâåðà (òîëüêî âòîðîé âàðèàíò)

pm � âåðîÿòíîñòü ìóòàöèè

Òåîðåìà ñõåìû [Õîëëàíä, 1975]

×èñëî èíäèâèäîâ ñõåìû H â ïîïóëÿöèè ïîêîëåíèÿ t:

Em(H, t + 1) ⩾ m(H, t)
f (H, t)

f̄ (t)

(
1− pc

d(H)

n − 1
− pmo(H)

)
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Èíòåðïðåòàöèÿ òåîðåìû ñõåìû

×èñëî èíäèâèäîâ ñõåìû H â ïîïóëÿöèè ïîêîëåíèÿ t:

Em(H, t + 1) ⩾ m(H, t)
f (H, t)

f̄ (t)

(
1− pc

d(H)

n − 1
− pmo(H)

)
Ñòðîèòåëüíûé áëîê � ñõåìà H ñ íèçêèì ïîðÿäêîì o(H),
êîðîòêîé äëèíîé d(H), âûñîêîé ïðèñïîñîáëåííîñòüþ f (H, t)

Åñëè ïðèñïîñîáëåííîñòü ñòðîèòåëüíîãî áëîêà îêàçàëàñü

âûøå ñðåäíåé â ïîïóëÿöèè, òî ÷èñëî åãî èíäèâèäîâ áóäåò

ðàñòè ýêñïîíåíöèàëüíî â ïîñëåäóþùèõ ïîïóëÿöèÿõ

Ãèïîòåçà (building block hypothesis): ¾ñòðîèòåëüíûå áëîêè

îáúåäèíÿþòñÿ, ÷òîáû ñôîðìèðîâàòü åù¼ ëó÷øèå áëîêè¿

John Henry Holland. Adaptation in natural and arti�cial systems. 1992

David White. An overview of schema theory. 2014
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Îáîáùåíèå: ñëó÷àéíûé ïîèñê ñ àäàïòàöèåé (ÑÏÀ)

Âõîä: ìíîæåñòâî F , êðèòåðèé Q, ïàðàìåòðû: d ,
B � ðàçìåð ïîïóëÿöèè, T � ÷èñëî ïîêîëåíèé;

èíèöèàëèçàöèÿ p1 = · · · = pn := 1/n;

ïîïóëÿöèÿ R1 :=
{
J11 , . . . , J

B1
1 ∼ {p1, . . . , pn}

}
; Q∗ := Q(∅);

äëÿ t = 1, . . . ,T , ãäå t � íîìåð ïîêîëåíèÿ:

ðàíæèðîâàíèå èíäèâèäîâ: Q(J1t ) ⩽ . . . ⩽ Q(JBt
t );

åñëè Bt > B òî ñåëåêöèÿ: Rt :=
{
J1t , . . . , J

B
t

}
;

åñëè Q(J1t ) < Q∗ òî t∗ := t; Q∗ := Q(J1t );
åñëè t − t∗ ⩾ d òî âåðíóòü J1t∗ ;
óâåëè÷èòü pj äëÿ ïðèçíàêîâ èç ëó÷øèõ íàáîðîâ;

óìåíüøèòü pj äëÿ ïðèçíàêîâ èç õóäøèõ íàáîðîâ;

ïîðîäèòü t+1-å ïîêîëåíèå èç Bt íàáîðîâ:

Rt+1 :=
{
J1t+1, . . . , J

Bt
t+1 ∼ {p1, . . . , pn}

}
∪ Rt ;

Í.Ã.Çàãîðóéêî, Â.Í.�ëêèíà, Ã.Ñ.Ëáîâ. Àëãîðèòìû îáíàðóæåíèÿ ýìïèðè÷åñêèõ

çàêîíîìåðíîñòåé. 1985
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Ñèìâîëüíàÿ ðåãðåññèÿ

1 ñèñòåìà ïîðîæäàþùèõ ôóíêöèé

gk(x ;w) ñ ïàðàìåòðàìè w

2 ìåõàíèçì ïåðåáîðà ñóïåðïîçèöèé

(ãåíåòè÷åñêîå ïðîãðàììèðîâàíèå)

� îáìåí ïîääåðåâüÿìè

� ñëó÷àéíûå ìóòàöèè

3 îáó÷åíèå ïàðàìåòðîâ ñóïåðïîçèöèè: SG

4 îòáîð � ïî âíåøíèì êðèòåðèÿì

5 îãðàíè÷åíèå ñëîæíîñòè ñóïåðïîçèöèé

� ðåãóëÿðèçàöèÿ, áàéåñîâñêîå îáó÷åíèå

J.Koza. On the programming of computers by means of natural selection. 1992

Ying Jin et al. Bayesian Symbolic Regression. 2019

Ð.À.Ñîëîãóá. Àëãîðèòìû èíäóêòèâíîãî ïîðîæäåíèÿ è òðàíñôîðìàöèè ìîäåëåé â

çàäà÷àõ íåëèíåéíîé ðåãðåññèè. Äèññåðòàöèÿ ê.ô.-ì.í., 2014.
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Ïðèìåð. Ýêñïåðèìåíò íà ñèíòåòè÷åñêèõ äàííûõ

Ìîäåëü: y = f (w, x) =
sin(x1) ∗ sin(w1x2 + w2)
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Âûáîðêà èç 380 òî÷åê,

xi ∈ R2, yi ∈ R
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Ïðèìåð. Ñèñòåìà ïîðîæäàþùèõ ôóíêöèé

Ôóíêöèÿ Îïèñàíèå Ïàðàìåòðû

g(x1, x2;w)

plus y = x1 + x2 �

times y = x1x2 �

g(x1;w)

divide y = 1/x �

multiply y = ax a
add y = x + a a

normal y = λ√
2πσ

exp
(
− (x−ξ)2

2σ2

)
+ a λ, σ, ξ, a

linear y = ax + b a, b
parab y = ax2 + bx + c a, b, c
sin y = sin(x) �

logsig y = λ
1+exp(−σ(x−ξ)) + a λ, σ, ξ, a
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Ïðèìåð. Ïåðåáîð ìîäåëåé-ïðåòåíäåíòîâ

normal(w1:3,x2)

x2

normal
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Ïðèìåð. Ïåðåáîð ìîäåëåé-ïðåòåíäåíòîâ

plus(∅,times(∅,plus(∅,x2,x1),linear(w1:2,x1)),linear(w3:4,x2))

x2 x1

plus

x1

linear

times

x2

linear

plus
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Ïðèìåð. Ïåðåáîð ìîäåëåé-ïðåòåíäåíòîâ

times(∅,times(∅,plus(∅,x2,linear(w1:2,x1)),linear(w3:4,x1)),x2)

x2

x1

linear

plus

x1

linear

times x2

times
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Ïðèìåð. Ïåðåáîð ìîäåëåé-ïðåòåíäåíòîâ

times(∅,times(∅,plus(∅,parab(w1:3,x2),x2),sin(∅,x1)),sin(∅,x1))

x2

parab x2

plus

x1

sin

times

x1

sin

times
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Ïðèìåð. Ïåðåáîð ìîäåëåé-ïðåòåíäåíòîâ

times(∅,plus(∅,linear(w1:2,x1),sin(∅,x2)),sin(∅,x1))

x1

linear

x2

sin

plus

x1

sin

times
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Ïðèìåð. Ïåðåáîð ìîäåëåé-ïðåòåíäåíòîâ

times(∅,plus(∅,parab(w1:3,parab(w4:6,x2)),sin(∅,x1)),sin(∅,x1))

x2

parab

parab

x1

sin

plus

x1

sin

times
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Ïðèìåð. Ïåðåáîð ìîäåëåé-ïðåòåíäåíòîâ

times(∅,plus(∅,plus(w1,linear(w2:3,x1)),linear(w4:5,x2)),sin(∅,sin(∅,x1)))

x1

linear

plus

x2

linear

plus

x1

sin

sin

times
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Ïðèìåð. Ïåðåáîð ìîäåëåé-ïðåòåíäåíòîâ

times(∅,parab(w1:3,linear(w4:5,x2)),linear(w6:7,sin(∅,x1)))

x2

linear

parab

x1

sin

linear

times
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Ïðèìåð. Ïåðåáîð ìîäåëåé-ïðåòåíäåíòîâ

times(∅,plus(∅,parab(w1:3,x2),sin(∅,x2)),sin(∅,x1))

x2

parab

x2

sin

plus

x1

sin

times
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Ïðèìåð. Ïåðåáîð ìîäåëåé-ïðåòåíäåíòîâ

times(∅,sin(∅,linear(w1:2,x2)),sin(∅,x1))

x2

linear

sin

x1

sin

times
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Ðåçþìå. Ìåòîäû îòáîðà ïðèçíàêîâ è ìîäåëåé

Êîìáèíàòîðíûé îòáîð ïðèçíàêîâ ìîæåò èñïîëüçîâàòü

ëþáûå ýâðèñòè÷åñêèå ìåòîäû äèñêðåòíîé îïòèìèçàöèè

Q(J) → min
J⊆F

Q(J) äîëæåí áûòü âíåøíèì êðèòåðèåì, ñ õàðàêòåðíûì

ìèíèìóìîì ïî ñëîæíîñòè ìîäåëè

Áîëüøèíñòâî ýâðèñòèê ýêñïëóàòèðóþò äâå îñíîâíûå èäåè:

� ïðèçíàêè ðàíæèðóþòñÿ ïî èõ ïîëåçíîñòè

� Q(J) èçìåíÿåòñÿ íå ñèëüíî ïðè ìàëîì èçìåíåíèè J

ÌÃÓÀ, ÝÀ è ÑÏÀ î÷åíü ïîõîæè � íà èõ îñíîâå ìîæíî

èçîáðåòàòü íîâûå ¾ñèìáèîòè÷åñêèå¿ ìåòà-ýâðèñòèêè

Ñèìâîëüíàÿ ðåãðåññèÿ � ïåðåáîð ñóïåðïîçèöèé ôîðìóë

Ãåíåòè÷åñêîå ïðîãðàììèðîâàíèå � ïåðåáîð ïðîãðàìì
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