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Ðåøàþùèå äåðåâüÿ
Èíäóêöèÿ ïðàâèë

Ðåøàþùèå ñïèñêè è òàáëèöû

Îáúÿñíèìûé ÈÈ (XAI, eXplainable Arti�cial Intelligence)

Interpretability
� ïàññèâíàÿ èíòåðïðåòèðóåìîñòü
âíóòðåííåãî ñòðîåíèÿ ìîäåëè
èëè ïðåäñêàçàíèÿ íà îáúåêòå

Understandability, Transparency
� ïîíÿòíîñòü, ñàìîî÷åâèäíîñòü,
ïðîçðà÷íîñòü ñòðîåíèÿ ìîäåëè

Explainability � àêòèâíàÿ ãåíåðàöèÿ îáúÿñíåíèé
íà îáúåêòå êàê äîïîëíèòåëüíûõ âûõîäíûõ äàííûõ ìîäåëè

Comprehensibility � âîçìîæíîñòü ïðåäñòàâèòü âûó÷åííûå
çàêîíîìåðíîñòè â âèäå ïîíÿòíîãî ëþäÿì çíàíèÿ

�Do you want an interpretable model, or the one that works?�
[Yann LeCun, NIPS'17]

V.Belle, I.Papantonis. Principles and practice of explainable machine learning. 2020
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Îïðåäåëåíèå ðåøàþùåãî äåðåâà (Decision Tree)

Ðåøàþùåå äåðåâî � ìîäåëü êëàññèôèêàöèè/ðåãðåññèè a(x),
çàäàþùàÿñÿ äåðåâîì (ñâÿçíûì àöèêëè÷åñêèì ãðàôîì)
ñ êîðíåì v0 ∈ V è ìíîæåñòâîì âåðøèí V = Vâíóòð ⊔ Vëèñò;

fv : X → Dv � äèñêðåòíûé ïðèçíàê, v ∈ Vâíóòð;
Sv : Dv → V � ìíîæåñòâî äî÷åðíèõ âåðøèí;
yv ∈ Y � îòâåò â âåðøèíå v ∈ Vëèñò;

v := v0;
ïîêà (v ∈ Vâíóòð): v := Sv (fv (x));

âåðíóòü a(x) := yv ;

Íà ïðàêòèêå ÷àñòî èñïîëüçóþòñÿ áèíàðíûå
ïðèçíàêè âèäà fv (x) =

[
fj(x) > θ

]
, j = 1, . . . , n
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v
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· · ·
0
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��

0
��

1
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· · · · · ·
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��
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Åñëè Dv ≡ {0, 1}, òî ðåøàþùåå äåðåâî íàçûâàåòñÿ áèíàðíûì
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Ïðèìåð ðåøàþùåãî äåðåâà

Çàäà÷à Ôèøåðà î êëàññèôèêàöèè öâåòêîâ èðèñà íà 3 êëàññà,
â âûáîðêå ïî 50 îáúåêòîâ êàæäîãî êëàññà, 4 ïðèçíàêà.
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Íà ãðàôèêå: â îñÿõ äâóõ ñàìûõ èíôîðìàòèâíûõ ïðèçíàêîâ (èç 4)
äâà êëàññà ðàçäåëèëèñü áåç îøèáîê, íà òðåòüåì 3 îøèáêè.
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Îáó÷åíèå ðåøàþùåãî äåðåâà: ID3 (Iterative Dichotomiser)

Îáó÷àþùàÿ âûáîðêà X ℓ = (xi , yi )
ℓ
i=1, ïðèçíàêè F = {f1, . . . , fn}

v0 := TreeGrowing (X ℓ) � ôóíêöèÿ ðåêóðñèâíî âûçûâàåò ñåáÿ

TreeGrowing (Âõîä: U ⊆ X ℓ) 7→ Âûõîä: êîðåíü äåðåâà v ;

fv := argmax
f ∈F

Gain (f ,U) � êðèòåðèé âåòâëåíèÿ äåðåâà;

åñëè Gain (fv ,U) < G0 òî
ñîçäàòü íîâûé ëèñò v ; yv := Major (U); âåðíóòü v ;

ñîçäàòü íîâóþ âíóòðåííþþ âåðøèíó v ñ ôóíêöèåé fv ;
äëÿ âñåõ k ∈ Dv

Uk :=
{
x ∈ U : fv (x) = k

}
;

Sv (k) := TreeGrowing (Uk);

âåðíóòü v ;

Ìàæîðèòàðíîå ïðàâèëî: Major (U) = argmax
y∈Y

#{xi ∈U : yi =y}.

John Ross Quinlan. Induction of Decision Trees // Machine Learning, 1986.
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Îáðàáîòêà ïðîïóùåííûõ çíà÷åíèé (missing values)

Íà ñòàäèè îáó÷åíèÿ îöåíèâàþòñÿ âåðîÿòíîñòè:

P(k|v) := |Uk |
|U| � ïåðåõîäà â Sv (k) èç v ∈ Vâíóòð

P(y |x , v) := 1
|U|

∑
xi∈U

[yi = y ] � êëàññà y â ëèñòå v ∈ Vëèñò

f (xi ) íå îïðåäåëåíî ⇒ xi èñêëþ÷àåòñÿ èç U äëÿ Gain (f ,U)

Íà ñòàäèè êëàññèôèêàöèè:

a(x) = argmax
y∈Y

P(y |x , v0) � íàèáîëåå âåðîÿòíûé êëàññ

åñëè çíà÷åíèå fv (x) íå îïðåäåëåíî òî
ïî ôîðìóëå ïîëíîé âåðîÿòíîñòè:
P(y |x , v) :=

∑
k∈Dv

P
(
y
∣∣x ,Sv (k))P(k|v);

èíà÷å
P(y |x , v) := P

(
y
∣∣x ,Sv (fv (x)));
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Êðèòåðèé âåòâëåíèÿ Gain (f ,U)

L (a, y) � ïîòåðÿ îò îòâåòà ìîäåëè a ïðè âåðíîì îòâåòå y .
Ñóììàðíàÿ ïîòåðÿ ìîäåëè a(x) íà âûáîðêå U ⊆ X ℓ:

Q(a,U) =
∑
xi∈U

L (a(xi ), yi )

Ïóñòü U � ìíîæåñòâî îáúåêòîâ xi , äîøåäøèõ äî âåðøèíû v .
Ñóììàðíàÿ ïîòåðÿ, åñëè âåðøèíó v ñäåëàòü ëèñòîì:

Q0(U) = min
a∈Y

Q(a,U)

Ñóììàðíàÿ ïîòåðÿ ïðè âåòâëåíèè Uk =
{
x ∈U : f (x)=k

}
,

åñëè âñå äî÷åðíèå âåðøèíû Sv (k) ñäåëàòü ëèñòüÿìè:

Q(f ,U) =
∑
k∈D

min
a∈Y

Q
(
a,Uk

)
Gain (f ,U) = Q0(U)−Q(f ,U) � âûèãðûø îò âåòâëåíèÿ ïî f
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CART: äåðåâüÿ ðåãðåññèè è êëàññèôèêàöèè

Ïðè êâàäðàòè÷íîé ôóíêöèè ïîòåðü L (a, y) = (a− y)2, Y = R,
çàäà÷à íàèìåíüøèõ êâàäðàòîâ ðåøàåòñÿ àíàëèòè÷åñêè;
îïòèìàëüíîå çíà÷åíèå yv â ëèñòîâîé âåðøèíå v ∈Vëèñò:

yv = argmin
a∈Y

∑
xi∈U

(
a− yi

)2
=

1

|U|
∑
xi∈U

yi

Äåðåâî ðåãðåññèè a(x) � ýòî
êóñî÷íî-ïîñòîÿííàÿ ôóíêöèÿ

Ïðèìåð. ×åì ñëîæíåå äåðåâî
(÷åì áîëüøå åãî ãëóáèíà), òåì
âûøå âëèÿíèå øóìîâ â äàííûõ
è âûøå ðèñê ïåðåîáó÷åíèÿ

Leo Breiman et al. Classi�cation and regression trees. 1984.
scikit-learn.org/stable/auto_examples/tree/plot_tree_regression.html
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Êðèòåðèé âåòâëåíèÿ ïî íåîïðåäåë¼ííîñòè êëàññèôèêàöèè

P(y |U) = 1
|U|#{xi ∈U : yi =y} � ðàñïðåäåëåíèå U ïî êëàññàì

Q(U) � íåîïðåäåë¼ííîñòü (impurity) ðàñïðåäåëåíèÿ P(y |U):

Q

( )
< Q

( )
= Q

( )
< Q

( )
1) ìèíèìàëüíà è ðàâíà íóëþ, êîãäà P(y |U) ∈ {0, 1},
2) ìàêñèìàëüíà äëÿ ðàâíîìåðíîãî ðàñïðåäåëåíèÿ P(y |U) = 1

|Y | ,

3) ñèììåòðè÷íà: íå çàâèñèò îò ïåðåíóìåðàöèè êëàññîâ.

Q(U) = Eyµ(P(y |U)) óäîâëåòâîðÿåò ýòèì òðåáîâàíèÿì,
ãäå ôóíêöèÿ µ(p) óáûâàþùàÿ, íåîòðèöàòåëüíàÿ, µ(1) = 0:

Q(U) =
1

|U|
∑
xi∈U

µ
(
P(yi |U)

)
=

∑
y∈Y

P(y |U)µ
(
P(y |U)

)
Íàïðèìåð, ïîäõîäÿò ôóíêöèè µ(p) = − log p, 1−p, 1−p2

Ïðåèìóùåñòâî: íå íóæíà ìèíèìèçàöèÿ Q(a,U) ïî a ∈ Y
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Êðèòåðèè âåòâëåíèÿ: ýíòðîïèéíûé, Äæèíè

Äâà êëàññà, Y = {0, 1}, P(y |U) =
{ p, y=1
1−p, y=0

Åñëè µ(p) = − log2 p, òî
Q(U) = −p log2 p − (1−p) log2(1−p) � ýíòðîïèÿ âûáîðêè.

Åñëè µ(p) = 2(1− p), òî
Q(U) = 4p(1− p) � íåîïðåäåë¼ííîñòü Äæèíè (Gini impurity).

Q(U)
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Æàäíàÿ íèñõîäÿùàÿ ñòðàòåãèÿ: äîñòîèíñòâà è íåäîñòàòêè

Äîñòîèíñòâà:

Èíòåðïðåòèðóåìîñòü è ïðîñòîòà êëàññèôèêàöèè

Ïðàâèëà [fj(x) > θ] íå òðåáóþò ìàñøòàáèðîâàíèÿ ïðèçíàêîâ

Äîïóñòèìû ðàçíîòèïíûå äàííûå (÷åðåç áèíàðèçàöèþ)

Ïðîïóñêè â äàííûõ íå ïðèâîäÿò ê îòêàçó îò êëàññèôèêàöèè

Îáú¼ì âû÷èñëåíèé ëèíåéíûé ïî äëèíå âûáîðêè O(|F |ℓh)
Íåäîñòàòêè:

Æàäíàÿ ñòðàòåãèÿ ïåðåóñëîæíÿåò ñòðóêòóðó äåðåâà,
è, êàê ñëåäñòâèå, âåä¼ò ê ïåðåîáó÷åíèþ

Ôðàãìåíòàöèÿ âûáîðêè: ÷åì äàëüøå v îò êîðíÿ, òåì
ìåíüøå ñòàòèñòè÷åñêàÿ íàä¼æíîñòü âûáîðà fv , yv

Âûñîêàÿ ÷óâñòâèòåëüíîñòü ðåçóëüòàòà îáó÷åíèÿ äåðåâà
ê øóìó â äàííûõ, ñîñòàâó âûáîðêè, êðèòåðèþ âåòâëåíèÿ
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Æàäíàÿ ñòðàòåãèÿ ìîæåò ïåðåóñëîæíÿòü ñòðóêòóðó äåðåâà

-1.0 -0.5 0 0.5 1.0

-1.0

-0.5

0

0.5

1.0
Îïòèìàëüíîå äåðåâî äëÿ çàäà÷è XOR:

ξ1 > 0

ξ2 > 0 ξ2 > 0

1 0 0 1

0}} 1 !!

0
��

1
��

0
��

1
��

-1.0 -0.5 0 0.5 1.0

-1.0

-0.5

0

0.5

1.0
Ðåçóëüòàò ID3:

ξ2 > 0.65

ξ2 > 0.3

ξ1 > 0

ξ2 > 0

0

1

0

1 0

0}}

0{{

0{{

1 ��

1 ��

1 ��

0�� 1 ��

Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÌÌÌÎ: ëîãè÷åñêèå ìåòîäû êëàññèôèêàöèè 13 / 38



Ðåøàþùèå äåðåâüÿ
Èíäóêöèÿ ïðàâèë

Ðåøàþùèå ñïèñêè è òàáëèöû

Îáó÷åíèå ðåøàþùèõ äåðåâüåâ
Êðèòåðèè âåòâëåíèÿ
Óñå÷åíèå äåðåâà (pruning)

Óñå÷åíèå äåðåâà: ñòðàòåãèè post-pruning

X q � íåçàâèñèìàÿ êîíòðîëüíàÿ âûáîðêà, q ≈ 0.5ℓ

äëÿ âñåõ v ∈ Vâíóòð:
X q
v := ïîäìíîæåñòâî îáúåêòîâ X q, äîøåäøèõ äî v ;

åñëè X q
v = ∅ òî

çàìåíèòü v ëèñòîì; yv := Major (U); âûõîä;
èíà÷å ïî ìèíèìóìó ïîòåðü íà êîíòðîëå Q(X q

v ) âûáðàòü:
ëèáî çàìåíèòü v ëèñòîì, yv ∈ Y ;
ëèáî çàìåíèòü v äî÷åðíèì ïîääåðåâîì Sv (k), k∈Dv ;
ëèáî ñîõðàíèòü öåëèêîì ïîääåðåâî âåðøèíû v ;

Ñòðàòåãèè ïåðåáîðà âåðøèí:

ñíèçó ââåðõ: Minimum Cost Complexity Pruning (MCCP),
Reduced Error Pruning (REP), Minimum Error Pruning (MEP)

ñâåðõó âíèç: Pessimistic Error Pruning (PEP)

Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÌÌÌÎ: ëîãè÷åñêèå ìåòîäû êëàññèôèêàöèè 14 / 38



Ðåøàþùèå äåðåâüÿ
Èíäóêöèÿ ïðàâèë

Ðåøàþùèå ñïèñêè è òàáëèöû

Îáó÷åíèå ðåøàþùèõ äåðåâüåâ
Êðèòåðèè âåòâëåíèÿ
Óñå÷åíèå äåðåâà (pruning)

CART: êðèòåðèé Minimal Cost-Complexity Pruning

Ñðåäíåêâàäðàòè÷íàÿ îøèáêà ñî øòðàôîì çà ñëîæíîñòü äåðåâà:

Qα(a) =
ℓ∑

i=1

(
a(xi )− yi

)2
+ α|Vëèñò| → min

a

Ïðè óâåëè÷åíèè α äåðåâî ïîñëåäîâàòåëüíî óïðîùàåòñÿ,
ïðè÷¼ì ïîñëåäîâàòåëüíîñòü âëîæåííûõ äåðåâüåâ åäèíñòâåííà.
Èç íå¼ âûáèðàåòñÿ äåðåâî ñ min îøèáêîé íà òåñòå (Hold-Out).

Äåðåâî � ëèíåéíûé êëàññèôèêàòîð íàä áèíàðíûìè ïðèçíàêàìè
Bv (x) =

[
îáúåêò x ïðîø¼ë ïóòü îò êîðíÿ v0 äî ëèñòà v

]
:

a(x) =
∑

v∈Vëèñò

yvBv (x),

yv � âåñ ïðèçíàêà Bv , äëÿ ðåãðåññèè ñðåäíåå {yi : Bv (xi )=1}

Leo Breiman et al. Classi�cation and regression trees. 1984.
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Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Ëîãè÷åñêèå çàêîíîìåðíîñòè â çàäà÷àõ êëàññèôèêàöèè

X ℓ = (xi , yi )
ℓ
i=1 ⊂ X × Y � îáó÷àþùàÿ âûáîðêà, yi = y(xi ).

Ëîãè÷åñêàÿ çàêîíîìåðíîñòü (ïðàâèëî, rule) � ýòî ïðåäèêàò
R : X → {0, 1}, óäîâëåòâîðÿþùèé äâóì òðåáîâàíèÿì:

1 èíòåðïðåòèðóåìîñòü:
1) R çàïèñûâàåòñÿ íà åñòåñòâåííîì ÿçûêå
2) R çàâèñèò îò íåáîëüøîãî ÷èñëà ïðèçíàêîâ (íå áîëåå 7)

2 èíôîðìàòèâíîñòü îòíîñèòåëüíî îäíîãî èç êëàññîâ y ∈ Y :
py (R,X

ℓ) = #
{
xi ∈ X ℓ : R(xi )=1 è yi=y

}
→ max;

ny (R,X
ℓ) = #

{
xi ∈ X ℓ : R(xi )=1 è yi ̸=y

}
→ min;

py
Py

≫ ny
Ny

py︸ ︷︷ ︸
Py

ny︸ ︷︷ ︸
Ny = ℓ−Py

Åñëè R(x) = 1, òî ãîâîðÿò ¾R âûäåëÿåò x¿ (R covers x).
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Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Òðåáîâàíèå èíòåðïðåòèðóåìîñòè

1) Ry (x) çàïèñûâàåòñÿ íà åñòåñòâåííîì ÿçûêå
2) Ry (x) çàâèñèò îò íåáîëüøîãî ÷èñëà ïðèçíàêîâ (íå áîëåå 7)

Ïðèìåð (èç îáëàñòè ìåäèöèíû)

Åñëè ¾âîçðàñò > 60¿ è ¾ïàöèåíò ðàíåå ïåðåí¼ñ èíôàðêò¿,
òî îïåðàöèþ íå äåëàòü, ðèñê îòðèöàòåëüíîãî èñõîäà 60%

Ïðèìåð (èç îáëàñòè êðåäèòíîãî ñêîðèíãà)

Åñëè ¾â àíêåòå óêàçàí äîìàøíèé òåëåôîí¿
è ¾çàðïëàòà > $2000¿ è ¾ñóììà êðåäèòà < $5000¿

òî êðåäèò ìîæíî âûäàòü, ðèñê äåôîëòà 5%

Çàìå÷àíèå. Ðèñê � ÷àñòîòíàÿ îöåíêà âåðîÿòíîñòè êëàññà,
âû÷èñëÿåìàÿ, êàê ïðàâèëî, ïî îòëîæåííîé êîíòðîëüíîé âûáîðêå
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Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Îáó÷åíèå ëîãè÷åñêèõ êëàññèôèêàòîðîâ

Àëãîðèòìîâ èíäóêöèè ïðàâèë (rule induction) î÷åíü ìíîãî!

Îñíîâíûå øàãè èõ ïîñòðîåíèÿ � íàäî çàäàòü:
1 ñåìåéñòâî ïðàâèë, â êîòîðîì áóäåì èñêàòü çàêîíîìåðíîñòè
2 ñïîñîá ïîðîæäåíèÿ ïðàâèë (rule generation)
3 êðèòåðèé îòáîðà èíôîðìàòèâíûõ ïðàâèë (rule selection)
4 ìîäåëü êëàññèôèêàöèè ñ ïðàâèëàìè â ðîëè ïðèçíàêîâ,

íàïðèìåð, ëèíåéíûé êëàññèôèêàòîð (weighted voting):

a(x) = argmax
y∈Y

ny∑
j=1

wyjRyj(x)

Äâå òðàêòîâêè ïîíÿòèÿ ¾ëîãè÷åñêàÿ çàêîíîìåðíîñòü¿ Ry (x):

îáó÷àåìûé èíôîðìàòèâíûé èíòåðïðåòèðóåìûé ïðèçíàê

êëàññèôèêàòîð îäíîãî êëàññà y ñ îòêàçàìè
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Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Øàã 1. ×àñòî èñïîëüçóåìûå ñåìåéñòâà ïðàâèë

Ïîðîãîâîå óñëîâèå (ðåøàþùèé ïåíü, decision stump):

R(x) =
[
fj(x) ⩽ aj

]
èëè

[
aj ⩽ fj(x) ⩽ bj

]
.

Êîíúþíêöèÿ ïîðîãîâûõ óñëîâèé:

R(x) =
∧
j∈J

[
aj ⩽ fj(x) ⩽ bj

]
.

Ñèíäðîì � âûïîëíåíèå íå ìåíåå d óñëîâèé èç |J|,
(ïðè d = |J| ýòî êîíúþíêöèÿ, ïðè d = 1 � äèçúþíêöèÿ):

R(x) =

[∑
j∈J

[
aj ⩽ fj(x) ⩽ bj

]
⩾ d

]
,

Ïàðàìåòðû J, aj , bj , d íàñòðàèâàþòñÿ ïî îáó÷àþùåé âûáîðêå
ïóò¼ì îïòèìèçàöèè çàäàííîãî êðèòåðèÿ èíôîðìàòèâíîñòè.
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Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Øàã 1. ×àñòî èñïîëüçóåìûå ñåìåéñòâà ïðàâèë

Ïîëóïëîñêîñòü � ëèíåéíàÿ ïîðîãîâàÿ ôóíêöèÿ:

R(x) =
[ ∑
j∈J

wj fj(x) ⩾ w0

]
Øàð � ïîðîãîâàÿ ôóíêöèÿ áëèçîñòè:

R(x) =
[
ρ(x , x0) ⩽ w0

]
ÀÂÎ � àëãîðèòìû âû÷èñëåíèÿ îöåíîê [Þ.È.Æóðàâë¼â, 1971]:

ρ(x , x0) = max
j∈J

wj

∣∣fj(x)− fj(x0)
∣∣

SCM � ìàøèíû ïîêðûâàþùèõ ìíîæåñòâ [M.Marchand, 2001]:

ρ(x , x0) =
∑
j∈J

wj

∣∣fj(x)− fj(x0)
∣∣γ

Ïàðàìåòðû J,wj ,w0, x0 íàñòðàèâàþòñÿ ïî îáó÷àþùåé âûáîðêå
ïóò¼ì îïòèìèçàöèè çàäàííîãî êðèòåðèÿ èíôîðìàòèâíîñòè.
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Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Øàã 2. Ìåòà-ýâðèñòèêè äëÿ ïîèñêà èíôîðìàòèâíûõ ïðàâèë

Âõîä: îáó÷àþùàÿ âûáîðêà X ℓ;
Âûõîä: ìíîæåñòâî çàêîíîìåðíîñòåé Z ;

èíèöèàëèçèðîâàòü íà÷àëüíîå ìíîæåñòâî ïðàâèë Z ;
ïîâòîðÿòü

Z ′ := ìíîæåñòâî ëîêàëüíûõ ìîäèôèêàöèé ïðàâèë èç Z ;
Z := íàèáîëåå èíôîðìàòèâíûå ïðàâèëà èç Z ∪ Z ′;

ïîêà ïðàâèëà ïðîäîëæàþò óëó÷øàòüñÿ;
âåðíóòü Z ;

×àñòíûå ñëó÷àè (ñì. ëåêöèþ ïðî ìåòîäû îòáîðà ïðèçíàêîâ):
� ñòîõàñòè÷åñêèé ëîêàëüíûé ïîèñê (stochastic local search)
� ãåíåòè÷åñêèå (ýâîëþöèîííûå) àëãîðèòìû
� óñå÷¼ííûé ïîèñê â øèðèíó (beam search)
� ïîèñê â ãëóáèíó (ìåòîä âåòâåé è ãðàíèö)
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Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Øàã 2. Ëîêàëüíûå ìîäèôèêàöèè ïðàâèë

Ïðèìåð. Ñåìåéñòâî êîíúþíêöèé ïîðîãîâûõ óñëîâèé:

R(x) =
∧
j∈J

[
aj ⩽ fj(x) ⩽ bj

]
.

Ëîêàëüíûå ìîäèôèêàöèè êîíúþíêòèâíîãî ïðàâèëà:

âàðüèðîâàíèå îäíîãî èç ïîðîãîâ aj è bj
âàðüèðîâàíèå îáîèõ ïîðîãîâ aj , bj îäíîâðåìåííî

äîáàâëåíèå ïðèçíàêà fj â J ñ âàðüèðîâàíèåì ïîðîãîâ aj , bj
óäàëåíèå ïðèçíàêà fj èç J

Ïðè óäàëåíèè ïðèçíàêà (pruning) èíôîðìàòèâíîñòü îáû÷íî
îöåíèâàåòñÿ ïî êîíòðîëüíîé âûáîðêå (hold-out)

Âîîáùå, äëÿ îïòèìèçàöèè ìíîæåñòâà J ïîäõîäÿò òå æå
ìåòîäû, ÷òî è äëÿ îòáîðà ïðèçíàêîâ (feature selection)
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Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Øàã 2. Ðåøàþùåå äåðåâî → ïîêðûâàþùèé íàáîð êîíúþíêöèé

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

ширина лепестка, PW

длина лепестка, PL

PL < 2.5

PW > 1.68

PL > 5

versicolor virginica

virginica

setosa

0 1

0 1

0 1

setosa r1(x) =
[
PL ⩽ 2.5

]
virginica r2(x) =

[
PL > 2.5

]
∧
[
PW > 1.68

]
virginica r3(x) =

[
PL > 5

]
∧
[
PW ⩽ 1.68

]
versicolor r4(x) =

[
PL > 2.5

]
∧
[
PL ⩽ 5

]
∧
[
PW < 1.68

]
Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÌÌÌÎ: ëîãè÷åñêèå ìåòîäû êëàññèôèêàöèè 23 / 38



Ðåøàþùèå äåðåâüÿ
Èíäóêöèÿ ïðàâèë

Ðåøàþùèå ñïèñêè è òàáëèöû

Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Øàã 3. Äâóõêðèòåðèàëüíûé îòáîð ïðàâèë â ïëîñêîñòè (p, n)

ïîçèòèâíûå: py (R) = #
{
xi : R(xi )=1 è yi=y

}
→ max;

íåãàòèâíûå: ny (R) = #
{
xi : R(xi )=1 è yi ̸=y

}
→ min;

Ïàðåòî-ôðîíò � ìíîæåñòâî íåóëó÷øàåìûõ çàêîíîìåðíîñòåé
(òî÷êà íåóëó÷øàåìà, åñëè ïðàâåå è íèæå íå¼ òî÷åê íåò)

UCI:german
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Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Øàã 3. Ëîãè÷åñêèå è ñòàòèñòè÷åñêèå çàêîíîìåðíîñòè

Ïðåäèêàò R(x) � ëîãè÷åñêàÿ çàêîíîìåðíîñòü êëàññà y ∈ Y :

Precision =
py (R)

py (R) + ny (R)
⩾ π0 Recall =

py (R)

Py
⩾ ρ0

Åñëè ny (R) = 0, òî R � íåïðîòèâîðå÷èâàÿ çàêîíîìåðíîñòü

Ïðåäèêàò R(x) � ñòàòèñòè÷åñêàÿ çàêîíîìåðíîñòü êëàññà y ∈ Y :

IStat
(
py (R), ny (R)

)
⩾ σ0

IStat � ìèíóñ-log âåðîÿòíîñòè ðåàëèçàöèè (p, n) ïðè óñëîâèè
íóëåâîé ãèïîòåçû, ÷òî y(x) è R(x) � íåçàâèñèìûå ñëó÷àéíûå
âåëè÷èíû (òî÷íûé òåñò Ôèøåðà, Fisher's Exact Test):

IStat(p, n) = −1

ℓ
log2

Cp
PC

n
N

Cp+n
P+N

→ max,

ãäå P = #
{
xi : yi=y

}
, N = #

{
xi : yi ̸=y

}
, Cn

N = N!
n!(N−n)!
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Øàã 3. Êðèòåðèè ïîèñêà çàêîíîìåðíîñòåé â ïëîñêîñòè (p, n)

Ëîãè÷åñêèå çàêîíîìåðíîñòè: Precision ⩾ 0.9, Recall ⩾ 0.2
Ñòàòèñòè÷åñêèå çàêîíîìåðíîñòè: IStat ⩾ 3
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Ëîãè÷åñêèé êðèòåðèé óäîáíåå äëÿ ôèíàëüíîãî îòáîðà ïðàâèë;
ñòàòèñòè÷åñêèé êðèòåðèé � â ïðîöåññå ìîäèôèêàöèè ïðàâèë
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Øàã 3. Çîîïàðê êðèòåðèåâ èíôîðìàòèâíîñòè

Î÷åâèäíûå, íî íå âïîëíå àäåêâàòíûå êðèòåðèè:

I (p, n) = p
p+n → max (precision)

I (p, n) = p/P → max (recall)

I (p, n) = p/P − n/N → max (relative accuracy)

Àäåêâàòíûå, íî íå î÷åâèäíûå êðèòåðèè:

ýíòðîïèéíûé êðèòåðèé ïðèðîñòà èíôîðìàöèè:

IGain(p, n) = h
(
P
ℓ

)
− p+n

ℓ h
( p
p+n

)
− ℓ−p−n

ℓ h
( P−p
ℓ−p−n

)
→ max

ãäå h(q) = −q log2 q − (1− q) log2(1− q)

êðèòåðèé Äæèíè (Gini impurity):
IGain(p, n) ïðè h(q) = 4q(1− q)

êðèòåðèé áóñòèíãà è åãî íîðìèðîâàííûé âàðèàíò:√
p −

√
n → max,

√
p/P −

√
n/N → max

J.F�urnkranz, P.Flach. ROC`n'rule learning � towards a better understanding of
covering algorithms // Machine Learning, 2005.
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Øàã 3. Íåòðèâèàëüíîñòü ïðîáëåìû ñâ¼ðòêè äâóõ êðèòåðèåâ

Ïðèìåð: â êàæäîé ïàðå ïðàâèë ïåðâîå ãîðàçäî ëó÷øå âòîðîãî,
îäíàêî ïðîñòûå ýâðèñòèêè íå ðàçëè÷àþò èõ ïî êà÷åñòâó
(ïðè P = 200, N = 100).

p n p−n p−5n p
P
− n

N
p

n+1
IStat·ℓ IGain·ℓ √

p−
√
n

50 0 50 50 0.25 50 22.65 23.70 7.07
100 50 50 −150 0 1.96 2.33 1.98 2.93

50 9 41 5 0.16 5 7.87 7.94 4.07
5 0 5 5 0.03 5 2.04 3.04 2.24

100 0 100 100 0.5 100 52.18 53.32 10.0
140 20 120 40 0.5 6.67 37.09 37.03 7.36

Çàìå÷àíèå. Êðèòåðèè IStat è IGain àñèìïòîòè÷åñêè
ýêâèâàëåíòíû: IStat(p, n) → IGain(p, n) ïðè ℓ → ∞

Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÌÌÌÎ: ëîãè÷åñêèå ìåòîäû êëàññèôèêàöèè 28 / 38



Ðåøàþùèå äåðåâüÿ
Èíäóêöèÿ ïðàâèë

Ðåøàþùèå ñïèñêè è òàáëèöû

Ïîíÿòèå çàêîíîìåðíîñòè
Àëãîðèòìû ïîèñêà çàêîíîìåðíîñòåé
Êðèòåðèè èíôîðìàòèâíîñòè

Øàã 4. Ïîñòðîåíèå êëàññèôèêàòîðà èç çàêîíîìåðíîñòåé

Âçâåøåííîå ãîëîñîâàíèå (ëèíåéíûé êëàññèôèêàòîð ñ âåñàìè wyt

è, âîçìîæíî, ñ ðåãóëÿðèçàöèåé äëÿ îòáîðà ïðèçíàêîâ):

a(x) = argmax
y∈Y

Ty∑
t=1

wytRyt(x)

Ïðîñòîå ãîëîñîâàíèå (êîìèòåò áîëüøèíñòâà):

a(x) = argmax
y∈Y

1

Ty

Ty∑
t=1

Ryt(x)

Ðåøàþùèé ñïèñîê (êîìèòåò ñòàðøèíñòâà), c0, c1, . . . , cT ∈ Y :

x // R1(x)
0 //

1
��

· · · 0 // RT (x)
0 //

1
��

c0

c1 cT
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Îïðåäåëåíèå ðåøàþùåãî ñïèñêà (Decision List, DL)

DL � ýòî àëãîðèòì êëàññèôèêàöèè a : X → Y , çàäàâàåìûé
çàêîíîìåðíîñòÿìè R1(x), . . . ,RT (x) êëàññîâ c1, . . . , cT ∈ Y :

x // R1(x)
0 //

1
��

· · · 0 // RT (x)
0 //

1
��

c0

c1 cT

Ýòî ñïîñîá ïðåäñòàâëåíèÿ çíàíèé â âèäå ñèñòåìû ïðîäóêöèé �
ïîñëåäîâàòåëüíîñòè ïðàâèë ¾åñëè-óñëîâèå òî-ðåøåíèå¿

äëÿ âñåõ t = 1, . . . ,T
åñëè Rt(x) = 1 òî âåðíóòü ct ;

âåðíóòü c0 (îòêàç îò êëàññèôèêàöèè îáúåêòà x);

E (Rt ,X
ℓ) =

nct (Rt)

nct (Rt) + pct (Rt)
→ min � äîëÿ îøèáîê Rt íà X ℓ
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Æàäíûé àëãîðèòì îáó÷åíèÿ ðåøàþùåãî ñïèñêà

Âõîä: âûáîðêà X ℓ; ïàðàìåòðû: Tmax, Imin, Emax, ℓ0;
Âûõîä: ðåøàþùèé ñïèñîê {Rt , ct}Tt=1;

U := X ℓ;
äëÿ âñåõ t := 1, . . . ,Tmax

âûáðàòü êëàññ ct ;

ïîèñê ïðàâèëà Rt ïî ìàêñèìóìó èíôîðìàòèâíîñòè:
Rt := argmax

R
I (R,U) ïðè îãðàíè÷åíèè E (R,U) ⩽ Emax;

åñëè I (Rt ,U) < Imin òî âûõîä;

U := {x ∈ U : Rt(x) = 0} � íå ïîêðûòûå ïðàâèëîì Rt ;

åñëè |U| ⩽ ℓ0 òî âûõîä;

Ronald Rivest. Learning decision lists // Machine Learning, 1987.
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Çàìå÷àíèÿ ê àëãîðèòìó ïîñòðîåíèÿ ðåøàþùåãî ñïèñêà

Ñòðàòåãèè âûáîðà êëàññà ct :
1) âñå êëàññû ïî î÷åðåäè (ëó÷øå äëÿ èíòåðïðåòèðóåìîñòè)
2) íà êàæäîì øàãå îïðåäåëÿåòñÿ îïòèìàëüíûé êëàññ

Ïàðàìåòð Emax óïðàâëÿåò ñëîæíîñòüþ ñïèñêà:
Emax ↓ ⇒ p(Rt) ↓, T ↑
Ïðåèìóùåñòâà:
� èíòåðïðåòèðóåìîñòü ìîäåëè è êëàññèôèêàöèé
� ïðîñòîé îáõîä ïðîáëåìû ïðîïóñêîâ â äàííûõ

Íåäîñòàòîê: íèçêîå êà÷åñòâî êëàññèôèêàöèè

Äðóãèå íàçâàíèÿ:
êîìèòåò ñ ëîãèêîé ñòàðøèíñòâà (Majority Committee)
ãîëîñîâàíèå ïî ñòàðøèíñòâó (Majority Voting)
ìàøèíà ïîêðûâàþùèõ ìíîæåñòâ (Set Covering Machine, SCM)
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Ðåøàþùèå ïíè (çàäà÷à áèíàðèçàöèè âåùåñòâåííîãî ïðèçíàêà)

Öåëü: ñîêðàòèòü ïåðåáîð ïðåäèêàòîâ âèäà
[
f (x) ⩽ α

]
.

Äàíî: âûáîðêà çíà÷åíèé âåùåñòâåííîãî ïðèçíàêà f (xi ), xi ∈ X ℓ.
Íàéòè: íàèëó÷øåå (â êàêîì-òî ñìûñëå) ðàçáèåíèå îáëàñòè
çíà÷åíèé ïðèçíàêà íà îòíîñèòåëüíî íåáîëüøîå ÷èñëî çîí:

ζ0(x) = [f (x) < d1];

ζs(x) = [ds ⩽ f (x) < ds+1], s = 1, . . . , r − 1;

ζr (x) = [dr ⩽ f (x)].

//
f

?? ? �

d1
••• �

d2

? ?

· · ·
? �

dr
• •

ζ0 ζ1 ζ2 ζr−1 ζr
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Æàäíûé àëãîðèòì ñëèÿíèÿ çîí ïî êðèòåðèþ èíôîðìàòèâíîñòè

Âõîä: âûáîðêà X ℓ; êëàññ c ∈ Y ; ïàðàìåòðû r è δ0;
Âûõîä: D = {d1 < · · · < dr} � ïîñëåäîâàòåëüíîñòü ïîðîãîâ;

D := ∅; óïîðÿäî÷èòü âûáîðêó X ℓ ïî âîçðàñòàíèþ f (xi );
äëÿ âñåõ i = 2, . . . , ℓ

åñëè f (xi−1) ̸= f (xi ) è [yi−1 = c] ̸= [yi = c] òî
äîáàâèòü ïîðîã 1

2(f (xi−1) + f (xi )) â êîíåö D

ïîâòîðÿòü
äëÿ âñåõ di ∈ D, i = 1, . . . , |D| − 1

δIi := I (ζi−1 ∨ ζi ∨ ζi+1)−max{I (ζi−1), I (ζi ), I (ζi+1)};
i := argmax

s
δIs ;

åñëè δIi > δ0 òî
ñëèòü çîíû ζi−1, ζi , ζi+1, óäàëèâ di è di+1 èç D;

ïîêà |D| > r + 1;
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Ñïîñîáû ðàçáèåíèÿ îáëàñòè çíà÷åíèé ïðèçíàêà íà çîíû

1 Æàäíàÿ ìàêñèìèçàöèÿ èíôîðìàòèâíîñòè ïóò¼ì ñëèÿíèé

2 Ðàçáèåíèå íà ðàâíîìîùíûå ïîäâûáîðêè

3 Ðàçáèåíèå ïî ðàâíîìåðíîé ñåòêå ¾óäîáíûõ¿ çíà÷åíèé

4 Îáúåäèíåíèå íåñêîëüêèõ ðàçáèåíèé

Âûáîð ¾óäîáíûõ¿ ïîðîãîâûõ çíà÷åíèé

Çàäà÷à: íà îòðåçêå [a, b] íàéòè çíà÷åíèå x∗

ñ ìèíèìàëüíûì ÷èñëîì çíà÷àùèõ öèôð.

Åñëè òàêèõ x∗ íåñêîëüêî, âûáðàòü

x∗ = argmin
x

∣∣1
2(a+ b)− x

∣∣.
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Íåáðåæíûå ðåøàþùèå äåðåâüÿ (Oblivious Decision Tree, ODT)

Ðåøàþùàÿ òàáëèöà: äåðåâî ãëóáèíû H, Dv = {0, 1};
äëÿ âñåõ óçëîâ óðîâíÿ h óñëîâèå âåòâëåíèÿ fh(x) îäèíàêîâî;
íà óðîâíå h ðîâíî 2h−1 âåðøèí; X äåëèòñÿ íà 2H ÿ÷ååê.

Êëàññèôèêàòîð çàäà¼òñÿ òàáëèöåé ðåøåíèé T : {0, 1}H → Y :

a(x) = T
(
f1(x), . . . , fH(x)

)
.

Ïðèìåð: çàäà÷à XOR, H = 2.

h = 1

h = 2

ξ1 > 0

ξ2 > 0 ξ2 > 0

1 0 0 1

0
��

1
��

0
��

1
��

0
��

1
��

-1.0 -0.5 0 0.5 1.0

-1.0

-0.5

0

0.5

1.0

T (0, 0)

T (0, 1)

T (1, 0)

T (1, 1)

R.Kohavi, C.-H.Li. Oblivious decision trees, graphs, and top-down pruning. 1995.

Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÌÌÌÎ: ëîãè÷åñêèå ìåòîäû êëàññèôèêàöèè 36 / 38



Ðåøàþùèå äåðåâüÿ
Èíäóêöèÿ ïðàâèë

Ðåøàþùèå ñïèñêè è òàáëèöû

Ðåøàþùèå ñïèñêè
Áèíàðèçàöèÿ ïðèçíàêîâ
Ðåøàþùèå òàáëèöû

Æàäíûé àëãîðèòì îáó÷åíèÿ ODT

Âõîä: âûáîðêà X ℓ; ìíîæåñòâî ïðèçíàêîâ F ; ãëóáèíà äåðåâà H;
Âûõîä: ïðèçíàêè fh, h = 1, . . . ,H; òàáëèöà T : {0, 1}H → Y ;

äëÿ âñåõ h = 1, . . . ,H
ïðåäèêàò ñ ìàêñèìàëüíûì âûèãðûøåì îïðåäåë¼ííîñòè:
fh := argmax

f ∈F
Gain (f1, . . . , fh−1, f );

êëàññèôèêàöèÿ ïî ìàæîðèòàðíîìó ïðàâèëó:
T (β) := Major (UHβ);

Âûèãðûø îò âåòâëåíèÿ íà óðîâíå h ïî âñåé âûáîðêå X ℓ:

Gain (f1, . . . , fh) = Q(X ℓ)−
∑

β∈{0,1}h
Q(Uhβ),

Uhβ =
{
xi ∈ X ℓ : fs(xi ) = βs , s = 1..h

}
, β = (β1, . . . , βh) ∈ {0, 1}h.
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Ðåçþìå ïî ëîãè÷åñêèì ìåòîäàì

Ýìïèðè÷åñêàÿ èíäóêöèÿ � âûâîä çíàíèé èç äàííûõ:

èíäóêöèÿ ïðàâèë (Rule Induction)
ðåøàþùèå äåðåâüÿ, ñïèñêè, òàáëèöû

Ïðåèìóùåñòâà ëîãè÷åñêèõ ìåòîäîâ:

èíòåðïðåòèðóåìîñòü
âîçìîæíîñòü îáðàáîòêè ðàçíîòèïíûõ äàííûõ
âîçìîæíîñòü îáðàáîòêè äàííûõ ñ ïðîïóñêàìè

Íåäîñòàòêè ëîãè÷åñêèõ ìåòîäîâ:

îãðàíè÷åííîå êà÷åñòâî êëàññèôèêàöèè
ðåøàþùèå äåðåâüÿ íåóñòîé÷èâû, ñêëîííû ê ïåðåîáó÷åíèþ

Ñïîñîáû óñòðàíåíèÿ ýòèõ íåäîñòàòêîâ:

ðåäóêöèÿ ïî òåñòîâûì äàííûì
êîìïîçèöèè ïðàâèë, ëåñà äåðåâüåâ (â ñëåäóþùèõ ëåêöèÿõ)
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