
• Ïðèêëàäíûå ìîäåëè ìàøèííîãî îáó÷åíèÿ •
Îáó÷åíèå ñ ïîäêðåïëåíèåì
(Reinforcement Learning)

Âîðîíöîâ Êîíñòàíòèí Âÿ÷åñëàâîâè÷
k.v.vorontsov@phystech.edu

http://www.MachineLearning.ru/wiki?title=User:Vokov

Ýòîò êóðñ äîñòóïåí íà ñòðàíèöå âèêè-ðåñóðñà
http://www.MachineLearning.ru/wiki

¾Ìàøèííîå îáó÷åíèå (êóðñ ëåêöèé, Ê.Â.Âîðîíöîâ)¿

ÌÔÒÈ • 10 àïðåëÿ 2026

k.v.vorontsov@phystech.edu
http://www.MachineLearning.ru/wiki?title=User:Vokov
http://www.MachineLearning.ru/wiki


Ñîäåðæàíèå

1 Çàäà÷à î ìíîãîðóêîì áàíäèòå
Ïðîñòàÿ ïîñòàíîâêà çàäà÷è
Æàäíûå è ïîëóæàäíûå ñòðàòåãèè
Àäàïòèâíûå ñòðàòåãèè

2 Ñðåäà ñ ñîñòîÿíèÿìè
Ïîñòàíîâêà çàäà÷è
Ìåòîä Q-îáó÷åíèÿ
Ïàðàìåòðèçàöèÿ ñòðàòåãèé è ôóíêöèé öåííîñòè

3 Ìîäåëèðîâàíèå ñðåäû
Êîíòåêñòíûé áàíäèò è òîìïñîíîâñêîå ñýìïëèðîâàíèå
Ëèíåéíàÿ ðåãðåññèîííàÿ ìîäåëü ïðåìèè
Îöåíèâàíèå ìîäåëè ïî èñòîðè÷åñêèì äàííûì



Çàäà÷à î ìíîãîðóêîì áàíäèòå
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Ìîäåëèðîâàíèå ñðåäû
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Çàäà÷à î ìíîãîðóêîì áàíäèòå (multi-armed bandit)

Èìååòñÿ ìíîæåñòâî äîïóñòèìûõ äåéñòâèé (ðó÷åê, arm),
c ðàçëè÷íûìè ðàñïðåäåëåíèÿìè ðàçìåðà ïðåìèè (reward, payo�).

Êàê áûñòðåå íàéòè ñàìîå âûãîäíîå äåéñòâèå?
Êàêèå âîçìîæíû ñòðàòåãèè?
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Çàäà÷à î ìíîãîðóêîì áàíäèòå (multi-armed bandit)

Äàíî: àãåíò, äåéñòâóþùèé â ñðåäå
〈
A, p(r |a)

〉
A � êîíå÷íîå ìíîæåñòâî äåéñòâèé (action, arm)
p(r |a) � íåèçâåñòíîå ðàñïðåäåëåíèå ïðåìèè çà äåéñòâèå a∈A
Íàéòè: πt(a) � ñòðàòåãèþ (policy) àãåíòà â ðàóíäàõ t = 1, . . . ,T

Èãðà àãåíòà ñî ñðåäîé: èíèöèàëèçàöèÿ π1(a) = 1/|A|;
äëÿ âñåõ ðàóíäîâ t = 1, . . . ,T :

àãåíò âûáèðàåò äåéñòâèå at ∼ πt(a);
ñðåäà ãåíåðèðóåò ïðåìèþ rt ∼ p(r |at);
àãåíò êîððåêòèðóåò ñòðàòåãèþ πt+1(a);

Êðèòåðèé:
∑T

t=1 rt → max � ñóììàðíàÿ ïðåìèÿ â êîíöå èãðû

Ðåøåíèå: max öåííîñòè äåéñòâèÿ Q∗(a) = lim
t→∞

Qt(a) → max
a∈A

,

Qt(a) =

∑t
i=1 ri [ai =a]∑t
i=1[ai =a]

� îöåíêà öåííîñòè äåéñòâèÿ â t ðàóíäàõ
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Ïðèìåðû ïðèêëàäíûõ çàäà÷

Óïðàâëåíèå ðîáîòàìè, òåõíîëîãè÷åñêèìè ïðîöåññàìè

Ãåíåðàöèÿ äâèæåíèé ïåðñîíàæåé â ìóëüòèïëèêàöèè

Ðåêîìåíäàöèÿ íîâîñòíûõ ñòàòåé ïîëüçîâàòåëÿì

Ïîêàç ðåêëàìû â Èíòåðíåòå

Óïðàâëåíèå ïîðòôåëåì öåííûõ áóìàã, èãðà íà áèðæå

Óïðàâëåíèå öåíàìè è àññîðòèìåíòîì â ñåòÿõ ïðîäàæ

Ìàðøðóòèçàöèÿ â òåëåêîììóíèêàöèîííûõ ñåòÿõ

Ñòðàòåãè÷åñêèå èãðû: øàõìàòû, ãî, Dota2, StarCraft2, . . .

Îáîáùåíèÿ ïîñòàíîâêè çàäà÷è:

Åñòü èíôîðìàöèÿ î ñîñòîÿíèè ñðåäû èëè î êîíòåêñòå

Åñòü ïàðàìåòðè÷åñêàÿ ìîäåëü ñòðàòåãèè/öåííîñòè/ñðåäû

H. Robbins. Some aspects of the sequential design of experiments. 1952.
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Æàäíàÿ ñòðàòåãèÿ

Ìíîæåñòâî äåéñòâèé c ìàêñèìàëüíîé îöåíêîé öåííîñòè:

At = Argmax
a∈A

Qt(a), Qt(a) =

∑t
i=1 ri [ai =a]∑t
i=1[ai =a]

Æàäíàÿ ñòðàòåãèÿ � âûáèðàòü ëþáîå äåéñòâèå èç At :

πt+1(a) =
1

|At |
[a ∈ At ]

Íåäîñòàòîê æàäíîé ñòðàòåãèè � ïî íåêîòîðûì äåéñòâèÿì a
ìîæåì òàê è íå íàáðàòü ñòàòèñòèêó äëÿ îöåíêè Qt(a).

Êîìïðîìèññ ¾èçó÷åíèå�ïðèìåíåíèå¿ (exploration�exploitation)
ε-æàäíàÿ ñòðàòåãèÿ:

πt+1(a) =
1− ε

|At |
[a ∈ At ] +

ε

|A|
Ýâðèñòèêà: ïàðàìåòð ε ìîæíî óìåíüøàòü ñî âðåìåíåì.
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Ìåòîä UCB (upper con�dence bound)

Âûáîð äåéñòâèÿ c ìàêñèìàëüíîé âåðõíåé îöåíêîé öåííîñòè:

At = Argmax
a∈A

(
Qt(a) + ε

√
2 ln t

kt(a)

)
,

ãäå kt(a) =
t∑

i=1

[ai = a], ε � ïàðàìåòð exr/ext-êîìïðîìèññà.

Èíòåðïðåòàöèÿ:
÷åì ìåíüøå kt(a), òåì ìåíåå èññëåäîâàíà ñòðàòåãèÿ,
òåì âûøå äîëæíà áûòü âåðîÿòíîñòü âûáðàòü a;

÷åì áîëüøå ε, òåì ñòðàòåãèÿ áîëåå èññëåäîâàòåëüñêàÿ.

Ýâðèñòèêà: ïàðàìåòð ε ìîæíî óìåíüøàòü ñî âðåìåíåì.

P. Auer, N. Cesa-Bianchi, P. Fischer. Finite-time analysis of the multiarmed bandit

problem, Machine Learning, 2002.
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Íàïîìèíàíèå. Ýêñïîíåíöèàëüíîå ñêîëüçÿùåå ñðåäíåå

Ðåêóððåíòíàÿ ôîðìóëà Moving Average äëÿ óñðåäíåíèÿ Qt :

Qt(a) = α · (rt) + (1− α) · Qt−1(a)

= EMAα(rt)

Ïðè α = const ýòî ýêñïîíåíöèàëüíîå ñêîëüçÿùåå ñðåäíåå (EMA)
Ïðè α = 1

kt(a)
ýòî ñðåäíåå àðèôìåòè÷åñêîå

ßâëÿåòñÿ ïðèáëèæ¼ííûì ðåêóððåíòíûì ðåøåíèåì çàäà÷è
ïðîãíîçèðîâàíèÿ âðåìåííîãî ðÿäà r0, . . . , rt , . . . :
� ïðîñòåéøàÿ ðåãðåññèîííàÿ ìîäåëü � êîíñòàíòà r̂t+1 = C ,
� íàáëþäåíèÿ ó÷èòûâàþòñÿ ñ âåñàìè, óáûâàþùèìè â ïðîøëîå,
� àâòîðåãðåññèÿ, ìåòîä íàèìåíüøèõ êâàäðàòîâ:

r̂t+1 = argmin
C

t∑
i=0

βt−i (ri − C )2, β ∈ (0, 1)
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Èñïîëüçîâàíèå EMA äëÿ êîíñòðóèðîâàíèÿ ñòðàòåãèé

Ìåòîä ïðåñëåäîâàíèÿ (pursuit) æàäíîé ñòðàòåãèè:

πt+1(a) = EMAα

(
[a ∈ At ]

|At |

)
, a ∈ A

Ñðàâíåíèå ñ ïîäêðåïëåíèåì (reinforcement comparison):
r̄t = EMAα(rt) � ñðåäíÿÿ ïðåìèÿ ïî âñåì äåéñòâèÿì,
pt(at) = EMAβ(rt − r̄t) � ïðåèìóùåñòâî (advantage) äåéñòâèÿ,

πt+1(a) =
exp
(
1
τ pt(a)

)∑
a′ exp

(
1
τ pt(a

′)
) ,

ïðè τ → 0 ñòðàòåãèÿ ñòðåìèòñÿ ê æàäíîé,
ïðè τ → ∞ � ê ðàâíîìåðíîé, ò.å. ÷èñòî èññëåäîâàòåëüñêîé.

Ýêñïåðèìåíòàëüíûé ôàêò:
íå ñóùåñòâóåò ìåòîäà, óíèâåðñàëüíî ëó÷øåãî äëÿ âñåõ çàäà÷
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Ñðàâíåíèå ñòðàòåãèé â èìèòàöèîííûõ ýêñïåðèìåíòàõ

10-ðóêàÿ èñïûòàòåëüíàÿ ñðåäà. Ãåíåðèðóåòñÿ 2000 çàäà÷:
|A| = 10, p(r |a) = N (r ;Q∗(a), 1), Q∗(a) ∼ N (0, 1)

Çàâèñèìîñòü äîëè îïòèìàëüíûõ äåéñòâèé (% optimal action)
îò ÷èñëà øàãîâ t, óñðåäí¼ííàÿ ïî 2000 ñèíòåòè÷åñêèì çàäà÷àì

Richard Sutton, Andrew Barto. Reinforcement Learning: An Introduction.

The MIT Press. 1998, 2004, 2018

Ð. Ñàòòîí, Ý. Áàðòî. Îáó÷åíèå ñ ïîäêðåïëåíèåì. 2011, 2020

Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÏÌÌÎ: îáó÷åíèå ñ ïîäêðåïëåíèåì 10 / 33



Çàäà÷à î ìíîãîðóêîì áàíäèòå
Ñðåäà ñ ñîñòîÿíèÿìè
Ìîäåëèðîâàíèå ñðåäû
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Ïîñòàíîâêà çàäà÷è â ñëó÷àå, êîãäà àãåíò âëèÿåò íà ñðåäó

Äàíî: àãåíò, äåéñòâóþùèé â ñðåäå
〈
A, S , p(r |a, s), p(s|a, s)

〉
S � êîíå÷íîå ìíîæåñòâî ñîñòîÿíèé ñðåäû (state)
p(s ′|a, s) � íåèçâåñòíîå ðàñïðåäåëåíèå ïåðåõîäîâ
Íàéòè: πt(a|s) � ñòðàòåãèþ (policy) àãåíòà â ðàóíäàõ t = 1, . . . ,T

Èãðà àãåíòà ñî ñðåäîé: èíèöèàëèçàöèÿ π1(a | s) = 1/|A| è s1;
äëÿ âñåõ ðàóíäîâ t = 1, . . . ,T

àãåíò âûáèðàåò äåéñòâèå at ∼ πt(a | st);
ñðåäà ãåíåðèðóåò ïðåìèþ rt ∼ p(r | at , st);
ñðåäà ïåðåõîäèò â íîâîå ñîñòîÿíèå st+1 ∼ p(s | at , st);
àãåíò êîððåêòèðóåò ñòðàòåãèþ πt+1(a | s);

Êðèòåðèé:
∑T

t=1 rt → max � ñóììàðíàÿ ïðåìèÿ â êîíöå èãðû

Ìàðêîâñêèé ïðîöåññ ïðèíÿòèÿ ðåøåíèé (ÌÏÏÐ, MDP):
P
(
st+1, rt | st , at , rt−1, st−1, at−1, . . . , s1, a1

)
= P

(
st+1, rt | st , at

)
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Ïîíÿòèÿ âûãîäû è öåííîñòè äåéñòâèÿ

Ñóììàðíàÿ âûãîäà (return) íà êîíå÷íîì ãîðèçîíòå T :

Rt = rt + rt+1 + · · ·+ rt+T

Äèñêîíòèðîâàííàÿ âûãîäà (discounted return):

Rt = rt + γrt+1 + · · ·+ γk rt+k + · · ·
ãäå γ ∈ [0, 1] � êîýôôèöèåíò äèñêîíòèðîâàíèÿ,
1+ γ + γ2 + · · · = 1

1−γ � ãîðèçîíò äàëüíîâèäíîñòè àãåíòà.

Ôóíêöèè öåííîñòè ñîñòîÿíèÿ V π(s) è öåííîñòè äåéñòâèÿ
â ñîñòîÿíèè Qπ(s, a) ïðè óñëîâèè, ÷òî àãåíò ñëåäóåò ñòðàòåãèè π:

V π(s) = Eπ(Rt | st=s) = Eπ

( ∞∑
k=0

γk rt+k

∣∣∣ st=s
)

Qπ(s, a) = Eπ(Rt | st=s, at=a) = Eπ

( ∞∑
k=0

γk rt+k

∣∣∣ st=s, at=a
)

Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÏÌÌÎ: îáó÷åíèå ñ ïîäêðåïëåíèåì 12 / 33



Çàäà÷à î ìíîãîðóêîì áàíäèòå
Ñðåäà ñ ñîñòîÿíèÿìè
Ìîäåëèðîâàíèå ñðåäû
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Æàäíûå ñòðàòåãèè ìàêñèìèçàöèè öåííîñòè

Ðåêóððåíòíàÿ ôîðìóëà äëÿ ôóíêöèè öåííîñòè Qπ(s, a):

Qπ(s, a) = Eπ
(∑∞

k=0 γ
k rt+k

∣∣ st=s, at=a
)

= Eπ
(
rt + γ

∑∞
k=0 γ

k rt+k+1

∣∣ st=s, at=a
)

= Eπ
(
rt + γQπ(st+1, at+1)

∣∣ st=s, at=a
)

Óðàâíåíèå Áåëëìàíà äëÿ îïòèìàëüíîé ôóíêöèè öåííîñòè Q∗:

Q∗(s, a) = Eπ
(
rt + γmax

a′∈A
Q∗(st+1, a

′)
∣∣ st=s, at=a

)
Óòâ. Æàäíàÿ ñòðàòåãèÿ ¾âûáèðàòü òî äåéñòâèå, íà êîòîðîì
äîñòèãàåòñÿ ìàêñèìóì â óðàâíåíèÿõ Áåëëìàíà¿ îïòèìàëüíà:

πt+1(a) =
1

|At |
[a ∈ At ], At = Argmax

a∈A
Q∗(st , a)
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Ìåòîä Q-îáó÷åíèÿ

Àïïðîêñèìèðóåì Q∗(s, a) ýêñïîíåíöèàëüíûì ñêîëüçÿùèì ñðåäíèì:

Q(st , at) = EMAα

(
rt + γmaxa Q(st+1, a)

)
èíèöèàëèçàöèÿ ñòðàòåãèè π1(a | s) è ñîñòîÿíèÿ ñðåäû s1;
äëÿ âñåõ ðàóíäîâ t = 1, . . . ,T , . . .

àãåíò âûáèðàåò äåéñòâèå at ∼ πt(a | st);
ñðåäà ãåíåðèðóåò rt ∼ p(r | at , st) è st+1 ∼ p(s | at , st);
Q(st , at) := α

(
rt + γmaxa Q(st+1, a)

)
+ (1− α)Q(st , at);

Óòâ. Åñëè αt óìåíüøàåòñÿ (
∑

t αt = ∞,
∑

t α
2
t < ∞), è âñå s

ïîñåùàþòñÿ áåñêîíå÷íîå ÷èñëî ðàç, òî Q
ïí→ Q∗, t → ∞

Âîçìîæíû äâà ñïîñîáà âûáîðà äåéñòâèé:

on-policy: at ∼ πt(a | st) ⇔ at ∈ Argmaxa Q(st , a)
o�-policy: at ∼ πt(a | st) � äðóãàÿ ñòðàòåãèÿ íà îñíîâå Q
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Îòëè÷èÿ îò îáû÷íûõ çàäà÷ ìàøèííîãî îáó÷åíèÿ

âûáîðêà (st , at , rt) íå ÿâëÿåòñÿ íåçàâèñèìîé

ðàñïðåäåëåíèå p(st , at , rt) ìîæåò ìåíÿòüñÿ âî âðåìåíè
è çàâèñåòü îò ñòðàòåãèè àãåíòà π

ïðåìèè ìîãóò áûòü
� îòëîæåííûìè (îöåíèâàòü äåéñòâèÿ ñ çàäåðæêîé)
� ðàçðåæåííûìè (ïî÷òè âñ¼ âðåìÿ rt = 0)
� çàøóìë¼ííûìè (íå ÿñíî, çà ÷òî èìåííî ïðåìèÿ)

Êàêèå ïàðàìåòðè÷åñêèå ìîäåëè ìîæíî îáó÷àòü:

ôóíêöèþ öåííîñòè äåéñòâèÿ â ñîñòîÿíèè Q(s, a; θ)

ôóíêöèþ öåííîñòè ñîñòîÿíèÿ V (s; θ)

ñòðàòåãèþ πt+1(a|s; θ)
ìîäåëü ñðåäû (rt , st+1) = µ(st , at ; θ)
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Q-ïàðàìåòðèçàöèÿ íà ïðèìåðå îáó÷åíèÿ èãðàì Atari

Ñðåäà � ýìóëÿòîð 7 èãð Atari, êàæäûé êàäð 210×160pix 128col

Ñîñòîÿíèÿ s � 4 ïîñëåäîâàòåëüíûõ êàäðà, ñæàòûõ äî 84×84
Äåéñòâèÿ a � îò 4 äî 18, â çàâèñèìîñòè îò èãðû
Ïðåìèè r � òåêóùèé SCORE ñîãëàñíî ïðàâèëàì èãðû
Ôóíêöèÿ öåííîñòè Q(s, a;w) � CNN ñî âõîäîì s è |A| âûõîäàìè

V.Mnih et al. (DeepMind). Playing Atari with deep reinforcement learning. 2013
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Ìåòîä DQN (Deep Q-Learning Network)

Ñîõðàíåíèå òðàåêòîðèé (st , at , rt)
T
t=1 â ïàìÿòè (reply memory)

äëÿ ìíîãîêðàòíîãî âîñïðîèçâåäåíèÿ îïûòà (experience replay)

Àïïðîêñèìàöèÿ îïòèìàëüíîé ôóíêöèè öåííîñòè Q(st , at)
ïðè ôèêñèðîâàííûõ òåêóùèõ ïàðàìåòðàõ ñåòè wt :

yt =

{
rt , åñëè ñîñòîÿíèå st+1 òåðìèíàëüíîå

rt + γmaxa Q(st+1, a;wt), èíà÷å

Ôóíêöèÿ ïîòåðü äëÿ îáó÷åíèÿ íåéðîñåâîé ìîäåëè Q(s, a;w):

Lt(w) =
(
Q(st , at ;w)− yt

)2
Ñòîõàñòè÷åñêèé ãðàäèåíò SGD (ïî ìèíè-áàò÷àì äëèíû 32):

wt+1 = wt − η
(
Q(st , at ;wt)− yt

)
∇wQ(st , at ;wt)

V.Mnih et al. (DeepMind). Playing Atari with deep reinforcement learning. 2013
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Ìåòîä DQN: ñîáèðàåì âñ¼ âîåäèíî

èíèöèàëèçàöèÿ reply-ïàìÿòè è ïàðàìåòðîâ ñåòè w ;
äëÿ âñåõ ýïèçîäîâ m = 1, . . . ,M

èíèöèàëèçàöèÿ ñîñòîÿíèÿ ñðåäû s1;
äëÿ âñåõ t = 1, . . . ,Tm (äëèíà m-ãî ýïèçîäà)

at =

{
ñëó÷àéíîå äåéñòâèå, ñ âåðîÿòíîñòüþ ε;

argmaxa Q(st , a,w), ñ âåðîÿòíîñòüþ 1− ε;

ñðåäà ãåíåðèðóåò rt ∼ p(r | at , st) è st+1 ∼ p(s | at , st);
çàïîìíèòü (st , at , rt) â reply-ïàìÿòè;
âûáðàòü ñëó÷àéíûé ôðàãìåíò òðàåêòîðèè èç ïàìÿòè;
äëÿ âñåõ j = 1, . . . , J (äëèíà ìèíè-áàò÷åé)

îöåíèòü yj ;
ñäåëàòü ãðàäèåíòíûé øàã, îáíîâèòü w ;

V.Mnih et al. (DeepMind). Playing Atari with deep reinforcement learning. 2013
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Ãðàäèåíòíàÿ îïòèìèçàöèÿ ñòðàòåãèè (policy gradient)

π(a | s, θ) � ñòðàòåãèÿ àãåíòà ñ ïàðàìåòðîì θ
F (st , at) � ôóíêöèÿ öåííîñòè èëè å¼ îöåíêà (íàïðèìåð, Rt)

Çàäà÷à ìàêñèìèçàöèè EπF ïî âåêòîðó ïàðàìåòðîâ ñòðàòåãèè θ:

EπF (s, a) ≡ Ea∼π(a|s,θ)F (s, a) → max
θ

Ãðàäèåíòíûé ìåòîä: θ(t+1) := θ(t) + η∇θEa∼πF (s, a)

∇θEa∼πF (s, a) = ∇θ

∑
a∈A

F (s, a)π(a|s, θ) =
∑
a∈A

F (s, a)∇θπ(a|s, θ) =

=
∑
a∈A

F (s, a)π(a|s, θ)∇θπ(a|s, θ)
π(a|s, θ)

=

= Ea∼π

[
F (s, a)∇θ lnπ(a|s, θ)

]
R.Sutton et al. Policy gradient methods for reinforcement learning with function

approximation. NIPS 1999.
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Ãðàäèåíòíàÿ îïòèìèçàöèÿ ñòðàòåãèè (policy gradient)

Çàìåíà Eπ ýìïèðè÷åñêîé îöåíêîé EMA ãðàäèåíòà:

θ(t+1) := θ(t) + η EMAα

(
F (st , at)∇θ lnπ(at | st , θ(t))

)
Ôàêòè÷åñêè, ýòî ñòîõàñòè÷åñêèé ãðàäèåíò SGD ñ ìåòîäîì
èíåðöèè Á.Ò.Ïîëÿêà äëÿ ìàêñèìèçàöèè log-ïðàâäîïîäîáèÿ:∑

t
F (st , at) lnπ(at | st , θ) → max

θ

Îñíîâíûå îòëè÷èÿ îò ìàêñèìèçàöèè log-ïðàâäîïîäîáèÿ:

âìåñòî ïðåäñêàçàíèÿ ìåòîê êëàññîâ yt � äåéñòâèÿ at
âìåñòî áèíàðíûõ yt � âåùåñòâåííûå F (st , at)

×òî ìîæíî èñïîëüçîâàòü â êà÷åñòâå F (st , at):

ôóíêöèþ âûãîäû Rt ,

ôóíêöèþ öåííîñòè Q(st , at),

ôóíêöèþ ïðåèìóùåñòâà (advantage) Q(st , at)− V (st)
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Àëãîðèòì REINFORCE

F (st , at) = Rt � âûãîäà, ñòàíîâèòñÿ èçâåñòíà â êîíöå ýïèçîäà

èíèöèàëèçàöèÿ ñòðàòåãèè π1(a | s) è ñîñòîÿíèÿ ñðåäû s1;
äëÿ âñåõ ýïèçîäîâ m = 1, . . . ,M

äëÿ âñåõ ðàóíäîâ t = 1, . . . ,Tm

àãåíò âûáèðàåò äåéñòâèå at ∼ πt(a | st , θ);
ñðåäà ãåíåðèðóåò rt ∼ p(r | at , st) è st+1 ∼ p(s | at , st);

θ := θ + η
Tm∑
t=1

Rt∇θ lnπ(at | st , θ);

Ïðåèìóùåñòâî policy gradient è àëãîðèòìà REINFORCE:

ëåãêî îáîáùàåòñÿ íà çàäà÷è ñ íåïðåðûâíûì ìíîæåñòâîì A

Íåäîñòàòîê:

ìåäëåííàÿ ñõîäèìîñòü, íàäî äîæèäàòüñÿ êîíöà ýïèçîäà
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Àëãîðèòì ¾Àêò¼ð�Êðèòèê¿ (Advantage Actor�Critic, A2C)

Àêò¼ð êîððåêòèðóåò ñòðàòåãèþ ïîä âîçäåéñòâèåì Êðèòèêà

Âìåñòî Rt èñïîëüçóåì ïðåèìóùåñòâî At = Q(st , at)−V (st)
(óìåíüøàåòñÿ äèñïåðñèÿ, óëó÷øàåòñÿ ñõîäèìîñòü)

Èç óðàâíåíèÿ Áåëëìàíà: Q(st , at) ≈���XXX= Eπ
(
rt + γV (st+1)

)
Ïàðàìåòð θ îáíîâëÿåòñÿ íà êàæäîì øàãå

èíèöèàëèçàöèÿ ñòðàòåãèè π1(a | s) è ñîñòîÿíèÿ ñðåäû s1;
äëÿ âñåõ ýïèçîäîâ m = 1, . . . ,M, ðàóíäîâ t = 1, . . . ,Tm

àãåíò âûáèðàåò äåéñòâèå at ∼ πt(a | st , θ);
ñðåäà ãåíåðèðóåò rt ∼ p(r | at , st) è st+1 ∼ p(s | at , st);
V (st) := EMAβ

(
rt + γV (st+1)

)
;

At := rt + γV (st+1)− V (st);
θ := θ + η EMAα

(
At∇θ lnπ(at | st , θ)

)
;

Ñëåäóþùèé øàã: ïàðàìåòðèçîâàòü îöåíêó ïðåèìóùåñòâà At
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Àëãîðèòì ¾Àêò¼ð�Êðèòèê¿ ñ äâîéíîé ïàðàìåòðèçàöèåé

π(a | s, θ) � ñòðàòåãèÿ àãåíòà (Àêò¼ðà) ñ ïàðàìåòðîì θ
A(st , at ;w) � ìîäåëü ïðåèìóùåñòâà ñ ïàðàìåòðîì w , äåëàåò
Êðèòèêà äàëüíîâèäíåå â ñðåäàõ ñ áîëüøèì èëè ñëîæíûì S :∑

t

(
A(st , at ;w)−At

)2 → min
w

èíèöèàëèçàöèÿ ñòðàòåãèè π1(a | s) è ñîñòîÿíèÿ ñðåäû s1;
äëÿ âñåõ ýïèçîäîâ m = 1, . . . ,M

äëÿ âñåõ ðàóíäîâ t = 1, . . . ,Tm

àãåíò âûáèðàåò äåéñòâèå at ∼ πt(a | st , θ);
ñðåäà ãåíåðèðóåò rt ∼ p(r | at , st) è st+1 ∼ p(s | at , st);
θ := θ + η EMAα

(
A(st , at ;w)∇θ lnπ(at | st , θ)

)
;

At = Q(st , at)− V (st) äëÿ âñåõ t = 1, . . . ,Tm;

w := w − η2
∑Tm

t=1

(
A(st , at ;w)−At

)
∇wA(st , at ;w);
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Êîíòåêñòíûé áàíäèò è òîìïñîíîâñêîå ñýìïëèðîâàíèå
Ëèíåéíàÿ ðåãðåññèîííàÿ ìîäåëü ïðåìèè
Îöåíèâàíèå ìîäåëè ïî èñòîðè÷åñêèì äàííûì

Ìîäåëèðîâàíèå ñðåäû â îáó÷åíèè ñ ïîäêðåïëåíèåì

Îòëè÷èå Model-Based ïîäõîäîâ îò Model-Free:

ìîäåëèðóåòñÿ ïîâåäåíèå ñðåäû (rt , st+1) = µ(st , at ;w)

âîçìîæíî äîëãîñðî÷íîå ïëàíèðîâàíèå äåéñòâèé

âîçìîæíà íåïðåðûâíàÿ ïàðàìåòðèçàöèÿ êàê A, òàê è S

â íåñëîæíûõ òåõíè÷åñêèõ ñèñòåìàõ óïðàâëåíèÿ àäåêâàòíàÿ
ïàðàìåòðè÷åñêàÿ ìîäåëü ñðåäû ìîæåò áûòü èçâåñòíà

Òðóäíîñòü çàäà÷è:

ñëîæíûå ñðåäû òðåáóþò áîëüøèõ âûáîðîê äëÿ îáó÷åíèÿ
ìîäåëåé áîëüøîé ðàçìåðíîñòè

RL ìîæåò õîðîøî ôóíêöèîíèðîâàòü â ñìîäåëèðîâàííîé
ñðåäå, è ãîðàçäî õóæå � â íàñòîÿùåé

T.Moerland, J.Broekens, C.Jonker. Model-based reinforcement learning: a survey. 2020
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Êîíòåêñòíûé áàíäèò è òîìïñîíîâñêîå ñýìïëèðîâàíèå
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Òîìïñîíîâñêîå ñýìïëèðîâàíèå (Thompson sampling)

xta ∈ Rn � êîíòåêñò, âåêòîð ïðèçíàêîâ äåéñòâèÿ a ∈ A íà øàãå t
xta ñîäåðæèò òàêæå èíôîðìàöèþ î òåêóùåì ñîñòîÿíèè ñðåäû
p(rt |x ,w) � âåðîÿòíîñòíàÿ ìîäåëü ïðåìèè, w ∈ Rn

Èãðà àãåíòà è ñðåäû:

èíèöèàëèçàöèÿ àïðèîðíîãî ðàñïðåäåëåíèÿ p1(w);
äëÿ âñåõ ðàóíäîâ t = 1, . . . ,T

ñðåäà ñîîáùàåò àãåíòó êîíòåêñòû xta äëÿ âñåõ a ∈ A;
àãåíò ñýìïëèðóåò âåêòîð ìîäåëè ïðåìèè wt ∼ pt(w);
àãåíò âûáèðàåò äåéñòâèå at = argmax

a∈A
⟨xta,wt⟩;

ñðåäà ãåíåðèðóåò ïðåìèþ rt ;
àãåíò êîððåêòèðóåò ðàñïðåäåëåíèå ïî ôîðìóëå Áàéåñà:
pt+1(w) ∝ p(rt |xtat ,w) pt(w);

S.Agrawal, N.Goyal. Thompson sampling for contextual bandits with linear payo�s. 2013.
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Òîìïñîíîâñêîå ñýìïëèðîâàíèå ñ ãàóññîâñêèìè ðàñïðåäåëåíèÿìè

p(r |x ,w) = N (r ; ⟨x ,w⟩, σ2), p(wt) = N (wt ;w , σ2B−1)

Èãðà àãåíòà è ñðåäû (contextual bandit with linear payo�)

èíèöèàëèçàöèÿ: B = In×n; w = 0n; f = 0n;
äëÿ âñåõ ðàóíäîâ t = 1, . . . ,T

ñðåäà ñîîáùàåò àãåíòó êîíòåêñòû xta äëÿ âñåõ a ∈ A;
àãåíò ñýìïëèðóåò âåêòîð ëèíåéíîé ìîäåëè ïðåìèè
wt ∼ N (w , σ2B−1);
àãåíò âûáèðàåò äåéñòâèå at = argmax

a∈A
⟨xta,wt⟩;

ñðåäà ãåíåðèðóåò ïðåìèþ rt ;
àãåíò êîððåêòèðóåò ïàðàìåòðû ðàñïðåäåëåíèÿ:
B := B + xtatx

ò
tat ; f := f + xtat rt ; w := B−1f ;

S.Agrawal, N.Goyal. Thompson sampling for contextual bandits with linear payo�s. 2013.
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Ðåãðåññèÿ ñ èíêðåìåíòíûì îáó÷åíèåì è äîâåðèòåëüíîé îöåíêîé

r̂(s, a;w) � ðåãðåññèîííàÿ ìîäåëü ïðåìèè ñ ïàðàìåòðîì w
UCB(s, a) � âåðõíÿÿ îöåíêà îòêëîíåíèÿ r̂ − r
δ � ïàðàìåòð (÷åì áîëüøå, òåì áîëüøå exploration)
ñòðàòåãèÿ � ìàêñèìèçèðîâàòü îöåíêó ïðåìèè çà at â st

Èãðà àãåíòà ñî ñðåäîé:

èíèöèàëèçàöèÿ ïàðàìåòðîâ w ìîäåëè ïðåìèè;
äëÿ âñåõ ðàóíäîâ t = 1, . . . ,T , . . .

àãåíò âûáèðàåò äåéñòâèå

at = argmax
a∈A

(
r̂(st , a;w) + δUCB(st , a)

)
;

ñðåäà ãåíåðèðóåò rt ∼ p(r | at , st) è st+1 ∼ p(s | at , st);
ðåãðåññèÿ r̂(s, a;w) äîîáó÷àåòñÿ íà òî÷êå (st , at , rt);

Lihong Li, Wei Chu, John Langford, Robert E. Schapire. A contextual-bandit approach

to personalized news article recommendation. WWW-2010.
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Ïðèìåð. Ðåêîìåíäàöèÿ íîâîñòíûõ ñòàòåé ïîëüçîâàòåëÿì

Àãåíò � ðåêîìåíäàòåëüíàÿ ñèñòåìà
äëÿ ïåðñîíàëèçàöèè ïîêàçîâ
íîâîñòíûõ ñòàòåé (Yahoo! Today).

F1..F4 � ïîçèöèè äëÿ ïîêàçà
çàãîëîâêîâ íîâîñòåé.

A � íîâîñòíûå ñòàòüè, äåéñòâèÿ ñèñòåìû
st � ñîñòîÿíèå = ïîëüçîâàòåëü, êîòîðîìó äà¼ì ðåêîìåíäàöèþ
xta ∈ Rn � ïðèçíàêîâîå îïèñàíèå ïàðû (st , a)
rta ∈ {0, 1} � ïðåìèÿ = [ïîëüçîâàòåëü st êëèêíóë íà ñòàòüþ a]
Qt(a) � ñðåäíÿÿ ïðåìèÿ, CTR (click-through rate) ñòàòüè

Öåëü � ïîâûøåíèå ñðåäíåãî CTR è ¾ñ÷àñòüÿ ïîëüçîâàòåëÿ¿

Lihong Li, Wei Chu, John Langford, Robert E. Schapire. A contextual-bandit approach

to personalized news article recommendation. WWW-2010.
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Ëèíåéíàÿ ìîäåëü ïðåìèé è ãðåáíåâàÿ ðåãðåññèÿ

Ïóñòü xta ∈ Rn, wa ∈ Rn.
Ëèíåéíàÿ ìîäåëü ïðåìèé äëÿ äåéñòâèÿ a ∈ A â ñîñòîÿíèè st :

E
[
rta | xta

]
= ⟨xta,wa⟩.

Ãðåáíåâàÿ ðåãðåññèÿ: îáó÷åíèå wa äëÿ äåéñòâèÿ a â ìîìåíò t:
t∑

i=1

[
ai = a

](
⟨xia,wa⟩ − ria

)2
+

τ

2
∥wa∥2 → min

wa
.

wa =
(
F ò
aFa + τ In

)−1F ò
a ya � ðåøåíèå çàäà÷è ÌÍÊ, ãäå

Fa =
(
xia
)
t
i=1 : ai=a � ℓ×n-ìàòðèöà îáúåêòû�ïðèçíàêè,

ya =
(
ria
)
t
i=1 : ai=a � ℓ×1-âåêòîð îòâåòîâ,

ℓ = kt(a) =
t∑

i=1

[ai = a] � îáú¼ì îáó÷àþùåé âûáîðêè.
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LinUCB: ëèíåéíàÿ ìîäåëü ñ âåðõíåé äîâåðèòåëüíîé îöåíêîé

Äîâåðèòåëüíûé èíòåðâàë ñ êîýôôèöèåíòîì äîâåðèÿ 1− α
äëÿ ëèíåéíîé ìîäåëè ðåãðåññèè w : ∥Fw − y∥ → minw :

y = ⟨x ,w⟩ ± σ̂Zα

√
xò(F òF )−1x ,

Zα ≡ tℓ−n,1−α
2
� êâàíòèëü ðàñïðåäåëåíèÿ Ñòüþäåíòà,

σ̂2 = 1
ℓ−nRSS � îöåíêà äèñïåðñèè îòêëèêà y .

Ñòðàòåãèÿ πt(a, x) =
1

|At | [a ∈ At ] � äåéñòâèå ñ ìàêñèìàëüíîé

âåðõíåé îöåíêîé öåííîñòè UCB (upper con�dence bound):

At = Argmax
a∈A

(
⟨xta,wa⟩+ δσ̂Zα

√
xòta
(
F ò
aFa + τ In

)
−1xta

)
.

×åì áîëüøå ïàðàìåòð δ, òåì áîëüøå èññëåäîâàíèÿ.
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LinUCB: îñîáåííîñòè ðåàëèçàöèè è îáîáùåíèÿ

Èíêðåìåíòíûé àëãîðèòì ïåðåñ÷¼òà wa è ìàòðèöû(
F ò
aFa + τ In

)−1 ïðè äîáàâëåíèè êàæäîé ñòðîêè â Fa.

Ãèáðèäíàÿ ëèíåéíàÿ ìîäåëü Q∗(a) = ⟨x̃t , v⟩+ ⟨xta,wa⟩,
ãäå x̃t � ÷àñòü êîíòåêñòà, íå çàâèñÿùàÿ îò äåéñòâèÿ a.

¾Ñûðûå ïðèçíàêè¿:
ïîëüçîâàòåëè: 12 ñîöäåì, 200 ãåîãðàôèÿ, ∼1000 êàòåãîðèé,
ñòàòüè: ∼100 êàòåãîðèé.
Èñïîëüçóåòñÿ êëàñòåðèçàöèÿ è ïîíèæåíèå ðàçìåðíîñòè:
dimwa = 6, dim v = 36.

Ìîæíî áûëî áû èñïîëüçîâàòü ëþáóþ äðóãóþ ìîäåëü
ñ èíêðåìåíòíûì îáó÷åíèåì è äîâåðèòåëüíûìè îöåíêàìè.

Lihong Li, Wei Chu, John Langford, Robert E. Schapire. A contextual-bandit approach

to personalized news article recommendation. WWW-2010.
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Îöåíèâàíèå ìîäåëè ïî èñòîðè÷åñêèì äàííûì

Ïðîáëåìà o�-line îöåíèâàíèÿ ñòðàòåãèè π:
èñòîðè÷åñêèå äàííûå íàêîïëåíû ïðè èñïîëüçîâàíèè
äðóãîé ñòðàòåãèè (logging policy) π0(a), îòëè÷íîé îò π

Èäåÿ:
äëÿ îöåíèâàíèÿ Qt(a) îòáèðàþòñÿ òîëüêî òå ñîáûòèÿ (xta, a, rta),
äëÿ êîòîðûõ ñòðàòåãèè π è π0 âûáèðàëè îäèíàêîâîå äåéñòâèå:

a = argmax
a

π(a, xta) = argmax
a

π0(a)

(íóæíû î÷åíü áîëüøèå äàííûå èëè ñõîäñòâî ñòðàòåãèé)

Óòâ. Åñëè π0(a) � ðàâíîìåðíîå ðàñïðåäåëåíèå, òî
îöåíêà Qt(a) ïî îòîáðàííîé âûáîðêå ÿâëÿåòñÿ íåñìåù¼ííîé.

Lihong Li, Wei Chu, John Langford, Robert E. Schapire. A contextual-bandit approach

to personalized news article recommendation. WWW-2010.

Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÏÌÌÎ: îáó÷åíèå ñ ïîäêðåïëåíèåì 32 / 33



Ðåçþìå â êîíöå ëåêöèè

Â îáó÷åíèè ñ ïîäêðåïëåíèåì íåò îòâåòîâ ó÷èòåëÿ,
åñòü òîëüêî îòâåòíàÿ ðåàêöèÿ ñðåäû

×òî ìîæíî îáó÷àòü â Model-Free ïîäõîäàõ:
� ôóíêöèþ öåííîñòè Q(s, a;w), íàïðèìåð, ìåòîäîì SGD
� ñòðàòåãèþ π(a|s;w), ìåòîäîì Policy Gradient
� ìîäåëè àêòîðà a(s;w1) è êðèòèêà Q(s, a;w2)

×òî ìîæíî îáó÷àòü â Model-Based ïîäõîäàõ:
� òîëüêî ìîäåëü ïðåìèè r(s, a;w)
� ìîäåëü ñðåäû (rt , st+1) = µ(st , at ;w)

Êîìïðîìèññ ¾èçó÷åíèå�ïðèìåíåíèå¿ ïðè ëþáîì îáó÷åíèè
ñ ïîäêðåïëåíèåì ïîäáèðàåòñÿ ýêñïåðèìåíòàëüíûì ïóò¼ì

R.S.Sutton, A.G.Barto. Reinforcement Learning: An Introduction. 2018

https://spinningup.openai.com/en/latest

Yuxi Li. Resources for Deep Reinforcement Learning. 2018
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